Panconnectivity of n-dimensional torus networks with faulty vertices and edges  by Yuan, Jun et al.
Discrete Applied Mathematics 161 (2013) 404–423
Contents lists available at SciVerse ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
Panconnectivity of n-dimensional torus networks with faulty vertices
and edges
Jun Yuan ∗, Aixia Liu, Hongmei Wu, Jing Li
School of Applied Science, Taiyuan University of Science and Technology, Taiyuan, Shanxi 030024, People’s Republic of China
a r t i c l e i n f o
Article history:
Received 3 October 2011
Received in revised form 12 July 2012
Accepted 20 August 2012
Available online 23 September 2012
Keywords:
Interconnection networks
Torus
k-ary n-cubes
Cartesian product graphs
Fault tolerance
Panconnectivity
a b s t r a c t
The torus network is one of the most popular interconnection topologies for massively
parallel computing systems. In this paper, we mainly consider the p-panconnectivity of
n-dimensional torus networks with faulty elements (vertices and/or edges). A graph G is
said to be p-panconnected if for each pair of distinct vertices u, v ∈ V (G), there exists a
(u, v)-path of each length ranging from p to |V (G)|−1. A graphG ism-fault p-panconnected
if G − F is still p-panconnected for any F ⊆ V (G) ∪ E(G) with |F | ≤ m. By using
an introduction argument, we prove that the n-dimensional torus T2k1+1,2k2+1,...,2kn+1 isn
i=1 ki-panconnected and (2n− 3)-fault
n
i=1(ki + 1)− 1

-panconnected.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction and terminology
In massively parallel systems, the interconnection network plays a crucial role in hardware costs, communication
performance, potentialities for efficient algorithms and fault tolerant capabilities [20]. The embedding problem,whichmaps
a guest interconnection network into a host interconnection network, has recently receivedmuch attention because the fact
that a guest interconnection network can be embedded in a host interconnection network implies that the algorithms on
the guest can be simulated on the host systematically [6,16,24]. Paths are often used as guest interconnection networks in
parallel systems since paths are often used to model linear arrays [6,28,29].
Nodes of a parallel system may be defective while the system is working. It is desirable to isolate them from the rest
of the network, so that there is still an effective embedding. Therefore, fault tolerance is also an important issue in parallel
systems.
The underlying topology of an interconnection network is usually modeled by a graph in which the vertices and edges
represent the nodes and links, respectively.When an interconnection network is represented by an undirected simple graph
G, the validity of path embedding of the network can be represented by the panconnectivity of G [7,8,5,14]. A (v1, vk)-path
P is a finite non-null sequence P = ⟨v1, v2, . . . , vk⟩ of adjacent vertices where all the vertices vi are distinct. A cycle C is
also a finite non-null sequence C = ⟨v1, v2, . . . , vk⟩ of adjacent vertices where for all 1 ≤ i ≤ k − 1, the vertices vi are
distinct and v1 = vk. The length of a path (cycle) is the number of edges contained in the path (cycle). A graph G is said to
be p-panconnected if, for two arbitrary distinct vertices u, v ∈ V (G), there exists a (u, v)-path of every length l satisfying
p ≤ l ≤ |V (G)| − 1. In particular, the p-panconnected graph is said to be Hamiltonian-connected if p = |V (G)| − 1. A
graph G is m-fault p-panconnected if G − F is still p-panconnected for any F ⊆ V (G) ∪ E(G) with |F | ≤ f . The f -fault
hamiltonian-connectivity and f -fault hamiltonicity are defined analogously. Fault panconnectivity and fault hamiltonicity
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Fig. 1. The 2-dimentional tori T3,3 and T3,5 .
of various interconnection networks have recently receivedmuch attention (see, for example, [4,8,5,9,10,13,14,11,12,15,18,
21,27]).
Among various designs of large-scale networks, the Cartesian productmethod is a very effectivemethod of building larger
networks fromseveral specified small-scale networks. LetG1 = (V1, E1) andG2 = (V2, E2)be twographswhichhavedisjoint
vertex sets V1 and V2 and disjoint edge sets E1 and E2, respectively. The Cartesian product G1× G2 is a graph with vertex set
V (G1 × G2) = V1 × V2, and edge set E(G1 × G2) = {(x1, x2)(y1, y2)|x1 = y1 and x2y2 ∈ E2, or x2 = y2 and x1y1 ∈ E1}. By
the definition of the Cartesian product, the Cartesian product G1 × G2 × · · · × Gk has vertex set V1 × V2 × · · · × Vk and two
vertices (x1, x2, . . . , xk), (y1, y2, . . . , yk) are adjacent if and only if (x1, x2, . . . , xk) and (y1, y2, . . . , yk) differ in exactly one
coordinate, say the ith, and xiyi ∈ E(Gi). As a graph operator, the Cartesian product satisfies commutative law and associative
law if we identify isomorphic graphs.
The torus network is one of themost popular interconnection topologies formassively parallel computing systems. Given
n integers k1, k2, . . . , kn with ki ≥ 3, we define Zk1,k2,...,kn = {(x1, x2, . . . , xn)|0 ≤ xi ≤ ki − 1, 1 ≤ i ≤ n}. The n-
dimensional torus Tk1,k2,...,kn is a graph with vertex set V = Zk1,k2,...,kn and edge set E = {uv|u = (u1, u2, . . . , un), v =
(v1, v2, . . . , vn) ∈ V and there is only an i such that ui − vi = ±1 (mod ki), and uj = vj for j ≠ i}. Denote the path
⟨0, 1, . . . , k − 1⟩ by Pk and denote the cycle ⟨0, 1, . . . , k − 1, 0⟩ by Ck. Clearly, the n-dimensional torus Tk1,k2,...,kn also can
be defined as Ck1 × Ck2 × · · · × Ckn . Fig. 1 shows two 2-dimensional tori.
We say that Tk1,k2,...,kn is divided into T [0], T [1], . . . , T [ki − 1] along dimension i for some 1 ≤ i ≤ n, where T [p], for
every 0 ≤ p ≤ ki−1, is a subgraph of Tk1,k2,...,kn induced by {u = (u1, u2, . . . , un) : ui = p, u ∈ V (Tk1,k2,...,kn)}. It is clear that
each T [p] is isomorphic to Tk1,k2,...,ki−1,ki+1,...,kn and the edges between V (T [p]) and V (T [p + 1]) are a perfect matching of
V (T [p]) and V (T [p+1]) for every 0 ≤ p ≤ ki−1. Several properties of torus networks have been studied in the literature [1,
2,18,21].
In particular, the n-dimensional torus Tk1,k2,...,kn is said to be a k-ary n-cube Q
k
n if ki = k for every 1 ≤ i ≤ n. The
k-ary n-cube Q kn is also an important class of topological structures of interconnection networks. A number of distributed
memory multiprocessors have been built with a k-ary n-cube forming the underlying topology, such as the iWARP [25], the
J-machine [23] and the Cray T3D [17]. The panconnectivity and fault panconnectivity of the k-ary n-cube Q kn have recently
receivedmuch attention, see, for example, [4,13–15,21,26,27]. In [13], Hsieh and Lin studied the problemof path embeddings
in the k-ary n-cube and presented the following result.
Theorem 1.1 ([13]). The k-ary n-cube is n⌊ k2⌋-panconnected.
In [21], Lin et al. studied the problem of path embeddings in the k-ary n-cube (k is odd and k ≥ 3) with faulty elements
(vertices and/or edges) and showed the following result.
Theorem 1.2 ([21]). The k-ary n-cube Q kn with n ≥ 2 and odd k ≥ 3 is (2n− 3)-fault ((k− 1)n− 1)-panconnected.
In this paper, we consider the panconnectivity and fault panconnectivity of n-dimensional torus networks. In Section 2,
we show that the n-dimensional torus T2k1+1,2k2+1,...,2kn+1 is
n
i=1 ki-panconnected, which generalizes Theorem 1.1 when k
is odd. In Sections 3 and 4, we show that the n-dimensional torus T2k1+1,2k2+1,...,2kn+1 is (2n− 3)-fault [
n
i=1(ki + 1)− 1]-
panconnected. As a sequence, the k-ary n-cube Q kn with n ≥ 2 and odd k ≥ 3 is (2n − 3)-fault ( n(k+1)2 − 1)-panconnected,
which improves Theorem 1.2.
For graph-theoretical terminology and notation not defined here we follow [3]. For any vertex v, we define the
neighborhood NG(v) of v in G to be the set of vertices adjacent to v. The degree dG(v) of a vertex v is the number of vertices
in NG(v). A graph G is k-regular if dG(v) = k for every vertex v in G. We use G[U] to denote the subgraph of G induced by
U ⊆ V (G). For neighborhoods, edge neighborhoods and degrees, we will usually omit the subscript for the graph when it is
clear which graph is meant.
2. Panconnectivity of n-dimensional torus networks
The p-panconnectivity of n-dimensional torus networks will be discussed in this section. The following result of Lu and
Xu [22] plays an important role in our investigation.
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Theorem 2.1 ([22]). Given two integers m ≥ 2 and n ≥ 2, let Pm = ⟨0, 1, . . . ,m − 1⟩ and let Pn = ⟨0, 1, . . . , n− 1⟩ be two
paths. For every vertex (i, j) in Pm× Pn different from (0, 0), there exists a path of length l between (0, 0) and (i, j) in Pm× Pn for
every l with i+ j ≤ l ≤ mn− 1 and l = i+ j(mod 2).
In the following, we shall first investigate the p-panconnectivity of the 2-dimensional torus.
Theorem 2.2. Let k1, k2 ≥ 3 be two odd integers. Then the torus Tk1,k2 is ( k1+k22 − 1)-panconnected.
Proof. Without loss of generality, assume that k1 ≥ k2. Let Ck1 = ⟨0, 1, 2, . . . , k1−1, 0⟩ and let Ck2 = ⟨0, 1, 2, . . . , k2−1, 0⟩
be two cycles. For any pair of vertices x, y in Ck1 × Ck2 , without loss of generality, say x = (0, 0) and y = (i, j) with
0 ≤ i ≤ ⌊ k12 ⌋ and 0 ≤ j ≤ ⌊ k22 ⌋, it is sufficient to find an (x, y)-path of length l in Ck1 × Ck2 for every l with
(
k1+k2
2 − 1) ≤ l ≤ k1k2 − 1. Let Pk1 = ⟨0, 1, 2, . . . , k1 − 1⟩ and Pk2 = ⟨0, 1, 2, . . . , k2 − 1⟩. By Theorem 2.1, there
exists a path of length l1 between (0, 0) and (i, j) in Pk1 × Pk2 for every l1 with i+ j ≤ l1 ≤ k1k2 − 1 and l1 = i+ j (mod 2).
In particular, there exists a path of length l′1 between (0, 0) and (i, 0) in Pk1 × Pk2 for every l′1 with i ≤ l′1 ≤ k1k2 − 1 and
l′1 = i (mod 2).
Let P ′k2 = ⟨1, 2, . . . , k2− 1, 0⟩. Clearly, there is an isomorphic mapping θ : Pk1 × P ′k2 → Pk1 × Pk2 such that θ((x1, x2)) =
(x1, k2 − x2 (mod k2)) for any (x1, x2) ∈ V (Pk1 × P ′k2). Clearly, θ((0, 0)) = (0, 0) and θ((i, j)) = (i, k2 − j (mod k2)).
By Theorem 2.1, there exists a path of length l2 between (0, 0) and (i, k2 − j)(j ≠ 0) in Pk1 × Pk2 for every l2 with
i + (k2 − j) ≤ l2 ≤ k1k2 − 1 and l2 = i + (k2 − j) (mod 2). Therefore, there exists a path of length l2 between (0, 0)
and (i, j)(j ≠ 0) in Pk1 × P ′k2 for every l2 with i + (k2 − j) ≤ l2 ≤ k1k2 − 1 and l2 = i + (k2 − j) (mod 2). Note that
l1 + l2 = 2i + k2 (mod 2). Hence l1 and l2 have different pairity. Thus, there exists a path of length l3 between (0, 0) and
(i, j)(j ≠ 0) in Ck1 ×Ck2 for every l3 with i+ (k2− j)−1 ≤ l3 ≤ k1k2−1. By k1 ≥ k2, there exists a path of length l′3 between
(0, 0) and (0, j)(j ≠ 0) in Ck1 × Ck2 for every l3 with k2 − j− 1 ≤ k1+k22 − 1 ≤ l3 ≤ k1k2 − 1.
Let P ′k1 = ⟨1, 2, . . . , k1 − 1, 0⟩. Similarly, there exists a path of length l4 between (0, 0) and (i, j)(i ≠ 0) in P ′k1 × Pk2
for every l4 with k1 − i + j ≤ l4 ≤ k1k2 − 1 and l4 = k1 − i + j (mod 2). Since l1 + l4 = k1 + 2j (mod 2), l1 and l4
have different pairity. Thus, there exists a path of length l5 between (0, 0) and (i, j)(i ≠ 0) in Ck1 × Ck2 for every l5 with
k1 − i+ j− 1 ≤ l5 ≤ k1k2 − 1. In particular, there exists a path of length l′5 between (0, 0) and (i, 0) in Ck1 × Ck2 for every
l′5 with k1 − i− 1 ≤ l′5 ≤ k1k2 − 1.
We have shown that there exists a path of length l3 between (0, 0) and (i, j)(j ≠ 0) in Ck1 × Ck2 for every l3 with
i+ (k2 − j)− 1 ≤ l3 ≤ k1k2 − 1, and there exists a path of length l5 between (0, 0) and (i, j)(i ≠ 0) in Ck1 × Ck2 for every l5
with k1− i+ j−1 ≤ l5 ≤ k1k2−1. Therefore, there exists a path of length l between (0, 0) and (i, j)(i ≠ 0, j ≠ 0) in Ck1×Ck2
for every lwith min{k1− i+ j− 1, k2+ i− j− 1} ≤ l ≤ k1k2− 1. Note that (k1− i+ j− 1)+ (k2+ i− j− 1) = k1+ k2− 2.
We can deduce min{k1 − i + j − 1, k2 + i − j − 1} ≤ k1+k22 − 1. Hence, there exists a path of length l between (0, 0) and
(i, j)(i ≠ 0, j ≠ 0) in Ck1 × Ck2 for every lwith k1+k22 − 1 ≤ l ≤ k1k2 − 1.
Consider the path between (0, 0) and (i, 0)(i ≠ 0) in Ck1 × Ck2 . We have shown that there exists a path of length l′5
between (0, 0) and (i, 0) in Ck1 × Ck2 for every l′5 with k1− i− 1 ≤ l′5 ≤ k1k2− 1. If k1− i− 1 ≤ k2+ i, then by k1− i− 1 is
integer, we have k1 − i− 1 ≤ k1+k22 − 1. Thus there exists a path of length l between (0, 0) and (i, 0) in Ck1 × Ck2 for every l
with k1+k22 − 1 ≤ l ≤ k1k2 − 1. So assume that k1 − i− 1 > k2 + i. It follows that k2 + i ≤ k1+k22 − 1. For any integer lwith
k2+ i ≤ l ≤ k1− i− 2 and l = (i− 1)(mod 2), P = ⟨(0, 0), (0, k2− 1), (1, k2− 1), . . . , (i, k2− 1), (i+ 1, k2− 1), . . . , (i+
l−(k2+i)
2 , k2 − 1), (i + l−(k2+i)2 , k2 − 2), (i + l−(k2+i)2 − 1, k2 − 2), . . . , (i, k2 − 2), (i, k2 − 3), . . . , (i, 0)⟩is a path between
(0, 0) and (i, 0)(i ≠ 0) in Ck1 × Ck2 with length l. We have shown there exists a path of length l′1 between (0, 0) and (i, 0)
in Pk1 × Pk2 for every l′1 with i ≤ l′1 ≤ k1k2 − 1 and l′1 = i (mod 2). Therefore, there exists a path of length l between (0, 0)
and (i, 0) in Ck1 × Ck2 for every lwith k2 + i ≤ k1+k22 − 1 ≤ l ≤ k1k2 − 1.
Therefore, Ck1 × Ck2 is ( k1+k22 − 1)-panconnected. The proof is complete. 
Theorem 2.3. Let ki ≥ 3 be odd for i = 1, 2, . . . , n. Then the n-dimensional torus Tk1,k2,...,kn is
n
i=1
1
2 (ki − 1)-panconnected.
Proof. We prove the theorem by induction on n. The case n = 2 follows from Theorem 2.2. Assume that the theorem is
true for n − 1 ≥ 2, that is there exists a (u, v)-path of length l between any pair of vertices u, v in Tk1,k2,...,kn−1 for every l
with
n−1
i=1
1
2 (ki − 1) ≤ l ≤
n−1
i=1 ki − 1. Therefore, there is a Hamiltonian cycle C in Tk1,k2,...,kn−1 . Let t =
n−1
i=1 ki − 1 and
let C = u0u1 · · · utu0. Clearly, C is an odd cycle. Without loss of generality, assume that Ckn is the shortest cycle of all the
cycles Cki , i = 1, 2, . . . , n. Since C × Ckn is vertex-transitive, we only need to find a ((u0, 0), (us, j))-path of length l withn
i=1
1
2 (ki − 1) ≤ l ≤
n
i=1 ki − 1 for any 0 ≤ s ≤
n−1
i=1 ki − 1, 0 ≤ j ≤ kn − 1.
Case 1. (
n−1
i=1 ki+kn
2 − 1) ≤ l ≤
n
i=1 ki − 1.
By induction and Theorem 2.2, C × Ckn is (
n−1
i=1 ki+kn
2 − 1)-panconnected and hence there exists a ((u0, 0), (us, j))-path
of length lwith (
n−1
i=1 ki+kn
2 − 1) ≤ l ≤
n
i=1 ki − 1 in Ck1 × Ck2 × · · · × Ckn .
J. Yuan et al. / Discrete Applied Mathematics 161 (2013) 404–423 407
Case 2.
n
i=1
1
2 (ki − 1) ≤ l ≤
n−1
i=1 ki+kn
2 − 2.
By induction, there exists a (u0, us)-path P ′ of length l1 with
n−1
i=1
1
2 (ki − 1) ≤ l1 ≤
n−1
i=1 ki − 1 in Tk1,k2,...,kn−1 . Let P ′ =⟨v0, v1, v2, . . . , vl1⟩, where v0 = u0 and vl1 = us. By the definition of Tk1,k2,...,kn , P ′′ = ⟨(v0, 0), (v1, 0), (v2, 0), . . . , (vl1 , 0)⟩
is a ((u0, 0), (us, 0))-path of length l1 between (u0, 0) and (us, 0) in Tk1,k2,...,kn . Let Q
′ be a (0, j)-path in Ckn of length
l2 = min{j, kn − j} ≤ kn−12 . Without loss of generality, assume l2 = j ≤ kn−12 and Q ′ = ⟨0, 1, 2, . . . , j⟩. Then
Q ′′ = ⟨(us, 0), (us, 1), . . . , (us, j)⟩ is a ((us, 0), (us, j))-path of length l2 in Tk1,k2,...,kn . Thus, P ′′Q ′′ is a ((u0, 0), (us, j))-path of
length l in Tk1,k2,...,kn with
n−1
i=1
1
2 (ki − 1)+ j ≤ l ≤
n−1
i=1 ki − 1+ j. Since Ckn is the shortest cycle of Cki , i = 1, 2, . . . , n, it
follows that
n−1
i=1 ki+kn
2 − 2 ≤
n−1
i=1 ki − 1. Therefore, there exists a ((u0, 0), (us, j))-path P ′′Q ′′ of length l in Tk1,k2,...,kn withn
i=1
1
2 (ki − 1) ≤ l ≤
n−1
i=1 ki+kn
2 − 2. The proof is complete. 
Corollary 2.4. Let n ≥ 2 be an integer and let k ≥ 3 be an odd integer, then Q kn is n(k−1)2 -panconnected.
Recall that the n-dimensional torus Tk1,k2,...,kn is a generalization of the k-ary n-cube. So Theorem 2.3 is a generalization
of Theorem 1.1.
3. Panconnectivity of the vertex-fault 2-dimensional torus networks
In Section 4,wewill showan important result that the n-dimensional torus T2k1+1,2k2+1,...,2kn+1 with (2n−3) fault vertices
is [ni=1(ki+ 1)− 1]-panconnected. The proof is by induction on n. In this section, we verify the basis (the case n = 2), that
is the 2-dimensional torus T2m+1,2n+1 with at most one faulty vertex is (m + n + 1)-panconnected. The following result of
Lin et al. [21] plays an important role in our investigation.
Theorem 3.1 ([21]). Given two integers m ≥ 1 and n ≥ 1, let G be the torus T2m+1,2n+1 with one faulty vertex. Then G is
(2n+ 2m− 1)-panconnected.
In view of the above theorem, it suffices to prove that for any pair of healthy vertices u, v ∈ V (T2m+1,2n+1), there exists
a (u, v)-path of length lwithm+ n+ 1 ≤ l ≤ 2m+ 2n− 2. In the following, we first show a useful observation.
Observation 3.2. Let P = ⟨1, 2, . . . , k⟩(k ≥ 2) be a path. Then for any two vertices u = (u1, u2), v = (v1, v2) ∈
V (P × C2n+1), there exists an automorphism map θ of P × C2n+1 satisfying one of the following:
a. θ(u) = u′ = (u′1, u′2) = (u1, 0), θ(v) = v′ = (v′1, v′2) = (v1, dist(u2, v2))when u1 ≤ ⌈ k2⌉, u1 ≤ v1;
b. θ(u) = v′ = (v′1, v′2) = (u1, dist(u2, v2)), θ(v) = u′ = (u′1, u′2) = (v1, 0)when u1 ≤ ⌈ k2⌉, u1 > v1;
c. θ(u) = v′ = (v′1, v′2) = (k− u1 + 1, dist(u2, v2)), θ(v) = u′ = (u′1, u′2) = (k− v1 + 1, 0)when u1 > ⌈ k2⌉, u1 ≤ v1;
d. θ(u) = u′ = (u′1, u′2) = (k − u1 + 1, 0), θ(v) = v′ = (v′1, v′2) = (k − v1 + 1, dist(u2, v2)) when u1 > ⌈ k2⌉, u1 > v1,
where dist(u2, v2) = min{|u2 − v2|, 2n+ 1− |u2 − v2|}.
Proof. We define four bijections from V (P × C2n+1) to V (P × C2n+1) as follows:
θa(x, y) =

(x, (y− u2) mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 ≤ n;
(x, [2n+ 1− (y− u2)] mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 > n;
(x, [2n+ 1− (u2 − y)] mod (2n+ 1)), if v2 < u2 and u2 − v2 ≥ n;
(x, (u2 − y) mod (2n+ 1)), if v2 < u2 and u2 − v2 < n.
θb(x, y) =

(x, (v2 − y) mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 ≤ n;
(x, [2n+ 1− (v2 − y)] mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 > n;
(x, [2n+ 1− (y− v2)] mod (2n+ 1)), if v2 < u2 and u2 − v2 ≥ n;
(x, (y− v2) mod (2n+ 1)), if v2 < u2 and u2 − v2 < n.
θc(x, y) =

(k− x+ 1, (v2 − y) mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 ≤ n;
(k− x+ 1, [2n+ 1− (v2 − y)] mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 > n;
(k− x+ 1, [2n+ 1− (y− v2)] mod (2n+ 1)), if v2 < u2 and u2 − v2 ≥ n;
(k− x+ 1, (y− v2) mod (2n+ 1)), if v2 < u2 and u2 − v2 < n.
θd(x, y) =

(k− x+ 1, (y− u2) mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 ≤ n;
(k− x+ 1, [2n+ 1− (y− u2)] mod (2n+ 1)), if v2 ≥ u2 and v2 − u2 > n;
(k− x+ 1, [2n+ 1− (u2 − y)] mod (2n+ 1)), if v2 < u2 and u2 − v2 ≥ n;
(k− x+ 1, (u2 − y) mod (2n+ 1)), if v2 < u2 and u2 − v2 < n.
It is easy to show that the four bijections are all automorphisms of P × C2n+1 and are satisfied with (a)–(d), respectively.
The proof is complete. 
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It is easy to see that u′ = (u′1, u′2) and v′ = (v′1, v′2) are satisfied with u′1 ≤ ⌈ k2⌉, u′2 = 0, u′1 ≤ v′1, v′2 ≤ n for any case of
Observation 3.2.
Lemma 3.3. Let P = ⟨1, 2, . . . , k⟩(k ≥ 2) be a path and let u = (u1, u2), v = (v1, v2) be two vertices in V (P × C2n+1).
(1) For any integer l with |v1 − u1| + dist(u2, v2) ≤ l ≤ (⌊ k2⌋ + 1)(2n + 1) − 1 and l = |v1 − u1| + dist(u2, v2) (mod 2),
there exists a (u, v)-path of length l in P × C2n+1.
(2) For any integer l with |v1 − u1| + 2n− dist(u2, v2) ≤ l ≤ (⌊ k2⌋ + 1)(2n+ 1)− 1, there exists a (u, v)-path of length l in
P × C2n+1.
Proof. Let u′ = (u′1, 0), v′ = (v′1, v′2) ∈ V (P × C2n+1) with u′1 ≤ ⌈ k2⌉, u′1 ≤ v′1, v′2 ≤ n. We first discuss the (u′, v′)-path
in P × C2n+1. Let P1 = ⟨u′1, u′1 + 1, . . . , k⟩ be a path. Define the mapping φ : V (P1 × P2n+1) → V (Pk−u′1+1 × P2n+1) such
that φ((x1, x2)) = (x1 − u′1, x2) for any vertex x = (x1, x2) ∈ V (P1 × P2n+1). It is easy to show that φ is an isomorphism
between P1 × P2n+1 and Pk−u′1+1 × P2n+1. Furthermore, φ(u′) = (0, 0) and φ(v′) = (v′1 − u′1, v′2). Denote u′′ = (0, 0) and
v′′ = (v′1 − u′1, v′2).
Claim 1. For any integer l1 with v′1 − u′1 + v′2 ≤ l1 ≤ (⌊ k2⌋ + 1)(2n+ 1)− 1 and l1 = v′1 − u′1 + v′2 (mod 2), there exists
a (u′, v′)-path of length l1 in P × C2n+1.
By Theorem 2.1, there exists a path of length l1 for every l1 with v′1 − u′1 + v′2 ≤ l1 ≤ (k− u′1 + 1)× (2n+ 1)− 1 and
l1 = v′1− u′1+ v′2 (mod 2) between u′′ and v′′ in Pk−u′1+1× P2n+1. Therefore, there exists a (u′, v′)-path of length l1 for every
l1 with v′1 − u′1 + v′2 ≤ l1 ≤ (⌊ k2⌋ + 1)(2n+ 1)− 1 and l1 = v′1 − u′1 + v′2 (mod 2) in the subgraph P1 × P2n+1 of P × C2n+1.
The proof of Claim 1 is complete.
Claim 2. For any integer lwith v′1 − u′1 + 2n− v′2 ≤ l ≤ (⌊ k2⌋ + 1)(2n+ 1)− 1, there exists a (u′, v′)-path of length l in
P × C2n+1.
Letv = (v′1, 2n+ 1− v′2) ∈ V (P1× C2n+1). Then φ(v) = (v′1− u′1, 2n+ 1− v′2). Denotev′′ = (v′1− u′1, 2n+ 1− v′2). By
Theorem 2.1, there exists a (u′′,v′′)-path of length l2 for every l2 with v′1 − u′1 + 2n+ 1− v′2 ≤ l2 ≤ (⌊ k2⌋ + 1)(2n+ 1)− 1
and l2 = v′1 − u′1 + 2n + 1 − v′2 (mod 2) in Pk−u′1+1 × P2n+1. Therefore, there exists a (u′,v)-path of length l2 for every l2
with v′1−u′1+2n+1−v′2 ≤ l2 ≤ (⌊ k2⌋+1)(2n+1)−1 and l2 = v′1−u′1+2n+1−v′2 (mod 2) in the subgraph P1×P2n+1
of P × C2n+1. By the symmetry of v′ andv to u′ = (u′1, 0) in P × C2n+1, there exists also a (u′, v′)-path of length l2 for every
l2 with v′1 − u′1 + 2n+ 1− v′2 ≤ l2 ≤ (⌊ k2⌋ + 1)(2n+ 1)− 1 and l2 = v′1 − u′1 + 2n+ 1− v2 (mod 2) in P × C2n+1
Clearly, l1 + l2 = 2(v′1 − u′1)+ 2n+ 1 (mod 2) and v′1 − u′1 + 2n+ 1− v′2 > v′1 − u′1 + v′2. Therefore, there exists a path
of length l for every l with v′1 − u′1 + 2n − v′2 ≤ l ≤ (⌊ k2⌋ + 1)(2n + 1) − 1 between u′ and v′ in P × C2n+1. The proof of
Claim 2 is complete. 
By Observation 3.2, there exists an automorphism map θ of P × C2n+1 satisfying one of the following:
a. θ(u) = u′ = (u′1, u′2) = (u1, 0), θ(v) = v′ = (v′1, v′2) = (v1, dist(u2, v2))when u1 ≤ ⌈ k2⌉, u1 ≤ v1;
b. θ(u) = v′ = (v′1, v′2) = (u1, dist(u2, v2)), θ(v) = u′ = (u′1, u′2) = (v1, 0)when u1 ≤ ⌈ k2⌉, u1 > v1;
c. θ(u) = v′ = (v′1, v′2) = (2n− u1 + 1, dist(u2, v2)), θ(v) = u′ = (u′1, u′2) = (2n− v1 + 1, 0)when u1 > ⌈ k2⌉, u1 ≤ v1;
d. θ(u) = u′ = (u′1, u′2) = (2n− u1 + 1, 0), θ(v) = v′ = (v′1, v′2) = (2n− v1 + 1, dist(u2, v2)) when u1 > ⌈ k2⌉, u1 > v1,
where dist(u2, v2) = min{|u2 − v2|, 2n+ 1− |u2 − v2|}.
It can be deduced that
A. if u1 ≤ ⌈ k2⌉, u1 ≤ v1, then v′1 − u′1 + v′2 = |v1 − u1| + dist(u2, v2), v′1 − u′1 + 2n− v′2 = |v1 − u1| + 2n− dist(u2, v2);
B. if u1 ≤ ⌈ k2⌉, u1 > v1, then v′1 − u′1 + v′2 = |v1 − u1| + dist(u2, v2), v′1 − u′1 + 2n− v′2 = |v1 − u1| + 2n− dist(u2, v2);
C. if u1 > ⌈ k2⌉, u1 ≤ v1, then v′1 − u′1 + v′2 = |v1 − u1| + dist(u2, v2), v′1 − u′1 + 2n− v′2 = |v1 − u1| + 2n− dist(u2, v2);
D. if u1 > ⌈ k2⌉, u1 > v1, then v′1 − u′1 + v′2 = |v1 − u1| + dist(u2, v2), v′1 − u′1 + 2n− v′2 = |v1 − u1| + 2n− dist(u2, v2).
Combining this with Claims 1 and 2, a (u, v)-path of a specified length can be found in P×C2n+1. The proof of Lemma 3.3
is complete.
By Lemma 3.3, the following corollary is immediate.
Corollary 3.4. Let P = ⟨1, 2, . . . , 2m⟩(m ≥ 1) be a path and let u = (u1, u2), v = (v1, v2) be two vertices in V (P × C2n+1).
(1) For any integer l with |v1 − u1| + dist(u2, v2) ≤ l ≤ 2m+ 2n− 2 and l = |v1 − u1| + dist(u2, v2) (mod 2), there exists a
(u, v)-path of length l in P × C2n+1.
(2) For any integer l with |v1 − u1| + 2n− dist(u2, v2) ≤ l ≤ 2m+ 2n− 2, there exists a (u, v)-path of length l2 in P × C2n+1.
Corollary 3.5. Let u = (u1, u2), v = (v1, v2) be two vertices in C2m+1 × P2n(n ≥ 1).
(1) For any integer l with |v2 − u2| + dist(u1, v1) ≤ l ≤ 2m+ 2n− 2 and l = |v2 − u2| + dist(u1, v1) (mod 2), there exists a
(u, v)-path of length l in C2m+1 × P2n.
(2) For any integer l with |v2−u2|+2m−dist(u1, v1) ≤ l ≤ 2m+2n−2, there exists a (u, v)-path of length l in C2m+1×P2n.
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Proof. Let P = ⟨1, 2, . . . , 2n⟩ be a path. Define a mapping θ : V (C2m+1 × P2n) → V (P × C2m+1) such that θ((x1, x2)) =
(x2+1, x1) for any x = (x1, x2) ∈ V (C2m+1×Pk). It is easy to show that themapping θ is an isomorphism between C2m+1×Pk
and P×C2m+1. Furthermore, θ((u1, u2)) = (u2+1, u1), θ((v1, v2)) = (v2+1, v1). By Corollary 3.4, we obtain the following.
(1) For any integer lwith |v2 − u2| + dist(u1, v1) ≤ l ≤ 2n+ 2m− 2 and l = |v2 − u2| + dist(u1, v1) (mod 2), there exists
a ((u2 + 1, u1), (v2 + 1, v1))-path of length l in P × C2m+1.
(2) For any integer lwith |v2 − u2| + 2m− dist(u1, v1) ≤ l ≤ 2n+ 2m− 2, there exists a ((u2 + 1, u1), (v2 + 1, v1))-path
of length l in P × C2m+1.
Therefore, a (u, v)-path of a specified length can be found in C2m+1 × P2n. 
Lemma 3.6. Let u = (u1, u2), v = (v1, v2) be two vertices in T2m+1,2n+1 − {0} × C2n+1 with |u1 − v1| ≥ m + 1 and
{u, v} ≠ {(1, 2n), (2m, 2n)}.
(1) If |u2 − v2| ≥ n + 1, then there exists a (u, v)-path of length l for any integer l with dist(u1, v1) + dist(u2, v2) ≤ l ≤
2m+ 2n− 2 and l = dist(u1, v1)+ dist(u2, v2) (mod 2) in T2m+1,2n+1 − (0, 2n).
(2) If |u2−v2| ≥ n+1, there exists a (u, v)-path of length l for any integer l with |v1−u1|+dist(u2, v2)−1 ≤ l ≤ 2m+2n−2
in T2m+1,2n+1 − (0, 2n).
(3) If |u2 − v2| ≤ n, then there exists a (u, v)-path of length l for any integer l with dist(u1, v1) + 2n − dist(u2, v2) ≤ l ≤
2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
Proof. By the symmetry of T2m+1,2n+1 − {0} × C2n+1, without loss of the generality, assume that 1 ≤ u1 ≤ v1, u2 ≤ v2.
By |u1 − v1| ≥ m + 1, we have that 1 ≤ u1 ≤ m − 1,m + 2 ≤ v1 ≤ 2m and dist(u1, v1) = 2m + 1 − (v1 − u1). Since
m + 2 ≤ v1 ≤ 2m, it follows that m ≥ 2. Let P = ⟨u1 + 1, u1 + 2, . . . , 2m⟩ and let Q = ⟨1, 2, . . . , 2m − u1⟩. Since
1 ≤ u1 ≤ m− 1 andm ≥ 2, it follows that 2m− u1 ≥ m+ 1 ≥ 3 and hence the order of P and Q is not less than 3.
Define a mapping φ from V (P × C2n+1) to V (Q × C2n+1) subject to: φ((x1, x2)) = (x1 − u1, x2) for any (x1, x2) ∈ V (P ×
C2n+1). Clearly,φ is an isomorphism from P×C2n+1 toQ×C2n+1 andφ((v1, v2)) = (v1−u1, v2), φ((2m, 0)) = (2m−u1, 0).
Statement (1). Since |u2 − v2| ≥ n + 1 and u2 ≤ v2, it follows that 0 ≤ u2 ≤ n − 1 and n + 1 ≤ v2 ≤ 2n. Hence
(v1, v2) ≠ (2m, 0). First, consider the path between (2m, 0) and (v1, v2) in P × C2n+1. It has been shown that the order
2m − u1 of Q is not less than 3. By Lemma 3.3(1), it can be deduced that there exists a path between (2m − u1, 0) and
(v1 − u1, v2) in Q × C2n+1 of length l1 for any l1 with 2m − v1 + dist(0, v2) ≤ l1 ≤ (⌊ 2m−u12 ⌋ + 1)(2n + 1) − 1
and l1 = 2m − v1 + dist(0, v2) (mod 2). Since P × C2n+1 is isomorphic to Q × C2n+1, it follows that there exists a
((2m, 0), (v1, v2))-path P1 in P × C2n+1 of length l1 for any l1 with 2m− v1+ dist(0, v2) ≤ l1 ≤ (⌊ 2m−u12 ⌋+ 1)(2n+ 1)− 1
and l1 = 2m− v1 + dist(0, v2) (mod 2).
On the other hand, by Lemma 3.3(1), for u1 ≥ 2, there exists a path P2 between u and (1, 0) of length l2 = u1 − 1 +
dist(u2, 0) in ⟨1, 2, . . . , u1⟩×C2n+1. For u1 = 1, it is easy to see that there exists also a path P2 between u and (1, 0) of length
l2 = u1−1+dist(u2, 0) in ⟨1, 2, . . . , u1⟩×C2n+1. Since |u2−v2| ≥ n+1, 0 ≤ u2 ≤ n−1 and n+1 ≤ v2 ≤ 2n, it follows that
dist(u2, v2) = 2n+1−(v2−u2) = u2+[2n+1−(v2−0)] = dist(0, u2)+dist(0, v2). Therefore, ⟨P2, (0, 0), P1⟩ is a (u, v)-path
in T2m+1,2n+1−(0, 2n) of length l = l1+l2+2with dist(u1, v1)+dist(u2, v2) = 2m+1−(v1−u1)+dist(u2, 0)+dist(0, v2) ≤
l ≤ 2m+ 2n− 2 ≤ (⌊ 2m−u12 ⌋ + 1)(2n+ 1)+ u1 + dist(u2, 0) and l = dist(u1, v1)+ dist(u2, v2) (mod 2).
The proof of Statement (1) is complete. 
Statement (2). By |u2 − v2| ≥ n + 1, we can deduce (|v1 − u1| + dist(u2, v2)) + (dist(u1, v1) + dist(u2, v2)) =
2m+1+2dist(u2, v2) and |v1−u1|+dist(u2, v2) ≥ dist(u1, v1)+dist(u2, v2). Combining this with the above Statement (1)
and Corollary 3.4(1), there exists a (u, v)-path of length l for any integer lwith |v1−u1|+dist(u2, v2)−1 ≤ l ≤ 2m+2n−2.
The proof of Statement (2) is complete.
Statement (3). By |u2 − v2| ≤ n, dist(u2, v2) = |u2 − v2|. Consider the following two cases.
Case 1. (v1, v2) ≠ (2m, u2) and u2 ≠ 2n.
Consider the path between (2m, u2) and (v1, v2) in P × C2n+1. Note that the order 2m − u1 of Q is not less than
3. By Lemma 3.3(2), it can be deduced that there exists a path between (2m − u1, u2) and (v1 − u1, v2) in Q × C2n+1
of length l1 for any l1 with 2m − v1 + 2n − dist(u2, v2) ≤ l1 ≤ (⌊ 2m−u12 ⌋ + 1)(2n + 1) − 1. Since P × C2n+1 is
isomorphic to Q × C2n+1, it follows that there exists a ((2m, u2), (v1, v2))-path P1 in P × C2n+1 of length l1 for any l1 with
2m− v1 + 2n− dist(u2, v2) ≤ l1 ≤ (⌊ 2m−u12 ⌋ + 1)(2n+ 1)− 1.
Since u2 ≠ 2n, it follows that ⟨(u1, u2), (u1 − 1, u2), . . . , (1, u2), (0, u2), P1⟩ is a (u, v)-path in T2m+1,2n+1 − (0, 2n)
of length l = l1 + u1 + 1 with dist(u1, v1) + 2n − dist(u2, v2) = 2m + 1 − (v1 − u1) + 2n − dist(u2, v2) ≤ l ≤
(⌊ 2m−u12 ⌋ + 1)(2n + 1) + u1. Note that 2m + 2n − 2 ≤ (⌊ 2m−u12 ⌋ + 1)(2n + 1) + u1. Therefore, there is a (u, v)-path in
T2m+1,2n+1 − (0, 2n) of special length lwith dist(u1, v1)+ 2n− dist(u2, v2) ≤ l ≤ 2m+ 2n− 2.
Case 2. (v1, v2) = (2m, u2) or (v1, v2) ≠ (2m, u2) and u2 = 2n.
If (v1, v2) = (2m, u2), then u2 = v2. If (v1, v2) ≠ (2m, u2) and u2 = 2n, then by u2 ≤ v2 ≤ 2n, we also have u2 = v2.
Hence dist(u2, v2) = 0 in this case. Let u′2 = u2 + 1( mod 2n) if u2 ≠ 2n− 1; u′2 = u2 − 1 otherwise. Clearly, u′2 ≠ 2n.
Consider the path between (u1, u2) and (1, u′2) in ⟨1, 2, . . . , v1 − 1⟩ × C2n+1. Since v1 ≥ m + 2 ≥ 3, then by
Lemma 3.3(2), it can be deduced that there exists a path P2 between (u1, u2) and (1, u′2) in ⟨1, 2, . . . , v1 − 1⟩ × C2n+1
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Fig. 2. The (u, v)-path ⟨P2, (0, u′2), (2m, u′2), (2m, u2), (2m− 1, u2), . . . , (v1, u2)⟩.
of length l2 for any l2 with u1 − 1 + 2n − 1 ≤ l2 ≤ (⌊ v1−12 ⌋ + 1)(2n + 1) − 1. Since u′2 ≠ 2n, it follows that
⟨P2, (0, u′2), (2m, u′2), (2m, u2), (2m− 1, u2), . . . , (v1, u2)⟩ is a (u, v)-path in T2m+1,2n+1 − (0, 2n) of length l = l2 + 2m−
v1 + 3 with dist(u1, v1) + 2n = 2m + 1 − (v1 − u1) + 2n ≤ l ≤ (⌊ v1−12 ⌋ + 1)(2n + 1) − 1 + 2m − v1 + 3. (This path is
illustrated in Fig. 2.) Note that dist(u2, v2) = 0 and 2m + 2n − 2 ≤ (⌊ v1−12 ⌋ + 1)(2n + 1) − 1 + 2m − v1 + 3. Therefore,
there is a (u, v)-path in T2m+1,2n+1 − (0, 2n) of special length lwith dist(u1, v1)+ 2n− dist(u2, v2) ≤ l ≤ 2m+ 2n− 2.
By symmetry, similarly to Lemma 3.6, we can deduce the following result.
Lemma 3.7. Let u = (u1, u2), v = (v1, v2) be two vertices in T2m+1,2n+1 − C2m+1 × {2n} with |u2 − v2| ≥ n + 1 and
{u, v} ≠ {(0, 0), (0, 2n− 1)}.
(1) If |u1 − v1| ≥ m + 1, then there exists a (u, v)-path of length l for any integer l with dist(u1, v1) + dist(u2, v2) ≤ l ≤
2m+ 2n− 2 and l = dist(u1, v1)+ dist(u2, v2) (mod 2) in T2m+1,2n+1 − (0, 2n).
(2) If |u1 − v1| ≥ m + 1, then there exists a (u, v)-path of length l for any integer l with |v2 − u2| + dist(u1, v1) − 1 ≤ l ≤
2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
(3) If |u1 − v1| ≤ m, then there exists a (u, v)-path of length l for any integer l with dist(u2, v2) + 2m − dist(u1, v1) ≤ l ≤
2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
In the following, we shall show that the 2-dimensional torus T2m+1,2n+1 with one faulty vertex is (m + n + 1)-
panconnected.
Theorem 3.8. Let m, n be two positive integers and let G be the 2-dimensional torus T2m+1,2n+1 with one faulty vertex. Then G
is (m+ n+ 1)-panconnected.
Proof. Since T2m+1,2n+1 is vertex-transitive, without loss of generality, we may assume that (0, 2n) is the faulty vertex. By
Theorem 3.1, it is sufficient to prove that there exists a fault-free path of every length fromm+n+1 to 2m+2n−2 between
any pair of distinct healthy vertices u = (u1, u2), v = (v1, v2) in G.
Case 1. |v1 − u1| ≤ m and |v2 − u2| ≤ n.
In this case, we can deduce dist(u1, v1) = |v1 − u1| and dist(u2, v2) = |v2 − u2|.
Case 1.1. Both u and v are not in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
Note that (|v1 − u1| + 2n − dist(u2, v2)) + (|v2 − u2| + 2m − dist(u1, v1)) = 2m + 2n. So the minimum of
|v1 − u1| + 2n − dist(u2, v2) and |v2 − u2| + 2m − dist(u1, v1) is not more than m + n. Combining Corollaries 3.4(2)
and 3.5(2), there exists a path of every length l form+ n ≤ l ≤ 2m+ 2n− 2 between u and v in T2m+1,2n+1 − (0, 2n).
Case 1.2. Both u and v are in V ({0} × C2n+1).
Then u = (0, u2), v = (0, v2). Let u′ = (1, u2), v′ = (1, v2). By Corollary 3.4(2), there exists a (u′, v′)-path P of length l1
for any integer l1 with 2n− dist(u2, v2) ≤ l1 ≤ 2m+ 2n− 2, in ⟨1, 2, . . . , 2m⟩ × C2n+1. Therefore, ⟨u, P, v⟩ is a (u, v)-path
P of length l2 for any integer l2 = l1 + 2 with 2n − dist(u2, v2) + 2 ≤ l2 ≤ 2m + 2n in T2m+1,2n+1 − (0, 2n). On the other
hand, by Corollary 3.5(2), for any integer l3 with |v2−u2|+2m ≤ l3 ≤ 2m+2n−2, there exists a (u, v)-path of length l3 in
C2m+1×P2n. Note that (2n−dist(u2, v2)+2)+(|v2−u2|+2m) = 2m+2n+2. So theminimum of 2n−dist(u2, v2)+2 and
|v2− u2| + 2m is not more thanm+ n+ 1. Therefore, there exists a path of every length l form+ n+ 1 ≤ l ≤ 2n+ 2m− 2
between u and v in T2m+1,2n+1 − (0, 2n).
Case 1.3. Both u and v are in V (C2m+1 × {2n}).
Then u = (u1, 2n), v = (v1, 2n). Let u′ = (u1, 2n− 1), v′ = (v1, 2n− 1). By Corollary 3.5(2), there exists a (u′, v′)-path
P of length l1 for any integer l1 with 2m−dist(u1, v1) ≤ l1 ≤ 2m+2n−2, in C2m+1×P2n. Therefore, ⟨u, P, v⟩ is a (u, v)-path
P of length l2 for any integer l2 = l1 + 2 with 2m− dist(u1, v1)+ 2 ≤ l2 ≤ 2m+ 2n in T2m+1,2n+1 − (0, 2n). On the other
hand, by Corollary 3.4(2), for any integer l3 with |v1 − u1| + 2n ≤ l3 ≤ 2m + 2n − 2, there exists a (u, v)-path of length
l3 in ⟨1, 2, . . . , 2m⟩ × C2n+1. Note that (2m − dist(u1, v1) + 2) + (|v1 − u1| + 2n) = 2m + 2n + 2. So the minimum of
2m − dist(u1, v1) + 2 and |v1 − u1| + 2n is not more than m + n + 1. Therefore, there exists a path of every length l for
m+ n+ 1 ≤ l ≤ 2n+ 2m− 2 between u and v in T2m+1,2n+1 − (0, 2n).
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Case 1.4. Either u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}) or u ∈ V (C2m+1 × {2n}), v ∈ V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}). Then u = (u1, u2) = (0, u2), v =
(v1, v2) = (v1, 2n) and u2 ≤ 2n − 1, v1 ≥ 1. Combining this with dist(u1, v1) = |v1 − u1| and dist(u2, v2) = |v2 − u2|,
we have that dist(0, v1) = |v1 − 0| = |v1 − 1| + 1 and dist(u2, 2n) = |2n − u2| = |(2n − 1) − u2| + 1. Let
u′ = (1, u2), v′ = (v1, 2n− 1). By Corollary 3.4(2), for any integer l1 with |v1− 1| + 2n− dist(u2, 2n) ≤ l1 ≤ 2m+ 2n− 2,
there exists a (u′, v)-path P of length l1 in ⟨1, 2, . . . , 2m⟩×C2n+1. Therefore, ⟨u, P⟩ is a (u, v)-path of length l2 for any integer
l2 = l1+1with |v1−1|+2n−dist(u2, v2)+1 ≤ l2 ≤ 2m+2n−1 in T2m+1,2n+1−(0, 2n). By Corollary 3.5(2), for any integer l3
with |(2n−1)−u2|+2m−dist(0, v1) ≤ l3 ≤ 2m+2n−2, there exists a (u, v′)-pathQ of length l3 in C2m+1×P2n. Therefore,
⟨Q , v⟩ is a (u, v)-path of length l4 for any integer l4 = l3+1 with |(2n−1)−u2|+2m−dist(0, v1)+1 ≤ l4 ≤ 2m+2n−1
in T2m+1,2n+1 − (0, 2n). Since dist(0, v1) = |v1 − 0| = |v1 − 1| + 1 and dist(u2, 2n) = |2n − u2| = |(2n − 1) − u2| + 1,
it follows that (|v1 − 1| + 2n − dist(u2, 2n) + 1) + (|(2n − 1) − u2| + 2m − dist(0, v1) + 1) = 2m + 2n and hence the
minimum of |v1− 1| + 2n− dist(u2, v2)+ 1 and |(2n− 1)− u2| + 2m− dist(0, v1)+ 1 is not more thanm+ n. Therefore,
there is a (u, v)-path of length l for any lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
Case 1.5. Precisely one of u and v is in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
We discuss the following two subcases.
Case 1.5.1. Precisely one of u and v is in V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1). Then u1 = 0, u2 ≤ 2n− 1, v1 ≥ 1, v2 ≤ 2n− 1. Combining
this with dist(u1, v1) = |v1 − u1|, we have that dist(0, v1) = |v1 − 1| + 1 Let u′ = (1, u2).
If u′ ≠ v, then by Corollary 3.4(2), for any integer l1 with |v1 − 1| + 2n− dist(u2, v2) ≤ l1 ≤ 2m+ 2n− 2, there exists
a (u′, v)-path P of length l1 in ⟨1, 2, . . . , 2m⟩ × C2n+1. Clearly, ⟨u, P⟩ is a (u, v)-path of length l2 for any l2 = l1 + 1 with
|v1 − 1| + 2n− dist(u2, v2)+ 1 ≤ l2 ≤ 2m+ 2n− 1 in T2m+1,2n+1 − (0, 2n).
Otherwise, suppose u′ = v. Then choose a vertex w = (w1, w2) in {(0, u2 − 1), (0, u2 + 1)} such that w ≠ (0, 2n). Let
w′ = (1, w2). Clearly, w′ ≠ v. By Corollary 3.4(2), for any integer l3 with 2n − 1 = |v1 − 1| + 2n − dist(w2, v2) ≤ l3 ≤
2m+ 2n− 2, there exists a (w′, v)-path P ′ of length l3 in ⟨1, 2, . . . , 2m⟩× C2n+1. Clearly, ⟨u, w, P ′⟩ is a (u, v)-path of length
l4 for any l4 = l3 + 2 with 2n+ 1 = |v1 − 1| + 2n− dist(u2, v2)+ 1 ≤ l4 ≤ 2m+ 2n in T2m+1,2n+1 − (0, 2n).
Therefore, for either u′ ≠ v or u′ = v′, there always exists a (u, v)-path of length l′ for any l′ with |v1 − 1| + 2n −
dist(u2, v2)+ 1 ≤ l′ ≤ 2m+ 2n− 1 in T2m+1,2n+1 − (0, 2n).
On the other hand, by Corollary 3.5(2), for any integer l′′ with |v2 − u2| + 2m − dist(0, v1) ≤ l′′ ≤ 2m + 2n − 2, there
exists a (u, v)-path of length l′′ in C2m+1 × P2n. Since dist(0, v1) = |v1 − 1| + 1 and dist(u2, v2) = |u2 − v2|, it follows that
min{l′}+min{l′′} = (|v1− 1|+ 2n−dist(u2, v2)+ 1)+ (|v2− u2|+ 2m−dist(0, v1)) = 2m+ 2n and hence the minimum
of min{l′} andmin{l′′} is not more thanm+n. Therefore, there exists a (u, v)-path of length lwithm+n ≤ l ≤ 2m+2n−2
in T2m+1,2n+1 − (0, 2n).
Case 1.5.2. Precisely one of u and v is in C2m+1 × {2n}.
Without loss of generality, assume that v ∈ V (C2m+1 × {2n}). Then u1 ≥ 1, u2 ≤ 2n − 1, v1 ≥ 1, v2 = 2n. Combining
this with dist(u2, v2) = |v2−u2|, we have dist(u2, 2n) = |2n−u2| = |(2n−1)−u2|+1. By Corollary 3.4(2), for any integer
l′ with |v1 − u1| + 2n− dist(u2, 2n) ≤ l′ ≤ 2m+ 2n− 2, there exists a (u, v)-path P of length l′ in ⟨1, 2, . . . , 2m⟩ × C2n+1.
Let v′ = (v1, 2n− 1).
If v′ ≠ u, then by Corollary 3.5(2), for any integer l1 with |(2n− 1)− u2| + 2m− dist(u1, v1) ≤ l1 ≤ 2m+ 2n− 2, there
exists a (u, v′)-path Q of length l1 in C2m+1 × P2n. Clearly, ⟨Q , v⟩ is a (u, v)-path of length l3 for any integer l2 = l1 + 1 with
|(2n− 1)− u2| + 2m− dist(u1, v1)+ 1 ≤ l2 ≤ 2m+ 2n− 1, in T2m+1,2n+1 − (0, 2n).
Otherwise, suppose that v′ = u. Choose a vertexw = (w1, w2) in {(v1 − 1, 2n), (v1 + 1, 2n)} such thatw ≠ (0, 2n). Let
w′ = (w1, 2n−1). Clearly,w′ ≠ u. By Corollary 3.5(2), for any integer l3 with 2m−1 = |(2n−1)−u2|+2m−dist(u1, w1) ≤
l3 ≤ 2m+ 2n− 2, there exists a (u, w′)-path Q ′ of length l3 in C2m+1× P2n. Clearly, ⟨Q ′, w, v⟩ is a (u, v)-path of length l4 for
any integer l4 = l3+2with 2m+1 = |(2n−1)−u2|+2m−dist(u1, v1)+1 ≤ l4 ≤ 2m+2n, in T2m+1,2n+1−(0, 2n). Therefore,
there always exists a (u, v)-path of length l′′ for any integer l′′with |(2n−1)−u2|+2m−dist(u1, v1)+1 ≤ l′′ ≤ 2m+2n−1
in T2m+1,2n+1 − (0, 2n).
Since dist(u2, 2n) = |(2n− 1)− u2| + 1 and dist(u1, v1) = |v1 − u1|, it follows that min{l′} +min{l′′} = (|v1 − u1| +
2n− dist(u2, 2n))+ (|(2n− 1)− u2|+ 2m− dist(u1, v1)+ 1) = 2m+ 2n and hence the minimum of min{l′} and min{l′′} is
not more thanm+ n. Therefore, there exists a (u, v)-path of length lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1− (0, 2n).
Case 2. |v1 − u1| ≥ m+ 1 and |v2 − u2| ≥ n+ 1.
In this case, we can deduce dist(u1, v1) = 2m+ 1− |v1 − u1|, dist(u2, v2) = 2n+ 1− |v2 − u2| and u1 ≠ v1, u2 ≠ v2.
We discuss the following three subcases.
Case 2.1. Both u and v are not in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
Note that (|v1 − u1| + dist(u2, v2) − 1) + (|v2 − u2| + dist(u1, v1) − 1) = 2m + 2n. So the minimum of |v1 − u1| +
dist(u2, v2)− 1 and |v2 − u2| + dist(u1, v1)− 1 is not more thanm+ n. Combining Lemmas 3.6(2) and 3.7(2), there exists
a (u, v)-path of every length l form+ n ≤ l ≤ 2n+ 2m− 2 in T2m+1,2n+1 − (0, 2n).
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Case 2.2. Either u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}) or u ∈ V (C2m+1 × {2n}), v ∈ V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}). Then u = (u1, u2) = (0, u2), v =
(v1, v2) = (v1, 2n). Combining this with |v1 − u1| ≥ m+ 1 and |v2 − u2| ≥ n+ 1, we have that u2 ≤ n− 1, v1 ≥ m+ 1.
Since dist(u1, v1) = 2m + 1 − |v1 − u1|, dist(u2, v2) = 2n + 1 − |v2 − u2| and u1 ≠ v1, u2 ≠ v2, it follows that
dist(0, v1) = 2m+1−|v1−0| = 2m+1−v1 and dist(u2, 2n) = 2n+1−|2n−u2| = u2+1. Let u′ = (2m, u2), v′ = (v1, 0).
By Corollary 3.4(2), for any integer l1 with |v1 − 2m| + 2n − dist(u2, 2n) ≤ l1 ≤ 2m + 2n − 2, there exists a (u′, v)-path
P of length l1 in ⟨1, 2, . . . , 2m⟩ × C2n+1. Therefore, ⟨u, P⟩ is a (u, v)-path of length l2 for any integer l2 = l1 + 1 with
|v1 − 2m| + 2n − dist(u2, 2n) + 1 ≤ l2 ≤ 2m + 2n − 1 in T2m+1,2n+1 − (0, 2n). By Corollary 3.5(2), for any integer l3
with |u2 − 0| + 2m − dist(0, v1) ≤ l3 ≤ 2m + 2n − 2, there exists a (u, v′)-path Q of length l3 in C2m+1 × P2n. Therefore,
⟨Q , v⟩ is a (u, v)-path of length l4 for any integer l4 = l3 + 1 with |u2 − 0| + 2m− dist(0, v1)+ 1 ≤ l4 ≤ 2m+ 2n− 1 in
T2m+1,2n+1− (0, 2n). Since dist(0, v1) = 2m+ 1− |v1− 0| = 2m+ 1− v1 and dist(u2, 2n) = 2n+ 1− |2n− u2| = u2+ 1,
it follows that (|v1− 2m| + 2n− dist(u2, 2n)+ 1)+ (|u2− 0| + 2m− dist(0, v1)+ 1) = 2m+ 2n and hence the minimum
of |v1 − 2m| + 2n − dist(u2, 2n) + 1 and |u2 − 0| + 2m − dist(0, v1) + 1 is not more than m + n. Therefore, there is a
(u, v)-path of length l for any lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
Case 2.3. Precisely one of u and v is in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
We discuss the following two subcases.
Case 2.3.1. Precisely one of u and v is in V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1). Then u1 = 0, u2 ≤ 2n− 1, v1 ≥ m+ 1, v2 ≤ 2n− 1.
Claim 1. There exists a (u, v)-path of length lwith |v1− 0| + dist(u2, v2)− 1 ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1− (0, 2n).
Let u′ = (1, u2). By Corollary 3.4(1), for any integer l1 with |v1 − 1| + dist(u2, v2) ≤ l1 ≤ 2m + 2n − 2 and
l1 = |v1 − 1| + dist(u2, v2) (mod 2), there exists a (u′, v)-path Q of length l1 in ⟨1, 2, . . . , 2m⟩ × C2n+1. Therefore, ⟨u,Q ⟩
is a (u, v)-path of length l2 for any integer l2 = l1 + 1 with |v1 − 0| + dist(u2, v2) ≤ l2 ≤ 2m + 2n − 1 and l2 =
|v1−0|+dist(u2, v2) (mod 2) in T2m+1,2n+1−(0, 2n). By Lemma 3.7(1), there exists a (u, v)-path of length l3 for any integer
l3 with dist(0, v1)+ dist(u2, v2) ≤ l3 ≤ 2m+ 2n− 2 and l3 = dist(u1, v1)+ dist(u2, v2) (mod 2) in T2m+1,2n+1 − (0, 2n).
Note that (|v1 − 0| + dist(u2, v2)) + (dist(0, v1) + dist(u2, v2)) = 2m + 1 + 2dist(u2, v2) and |v1 − 0| + dist(u2, v2) >
dist(0, v1)+dist(u2, v2). Therefore, there exists a (u, v)-path of length l4 with |v1−0|+dist(u2, v2)−1 ≤ l4 ≤ 2m+2n−2
in T2m+1,2n+1 − (0, 2n). The claim is complete.
On the other hand, by Lemma 3.7(2), there exists a (u, v)-path of length l5 for any integer l5 with |v2−u2|+dist(0, v1)−
1 ≤ l5 ≤ 2m + 2n − 2 in T2m+1,2n+1 − (0, 2n). Combining this with Claim 1 and (|v1 − 0| + dist(u2, v2) − 1) + (|v2 −
u2| + dist(0, v1) − 1) = 2m + 2n, there exists a (u, v)-path of length l with min{|v1 − 0| + dist(u2, v2) − 1, |v2 − u2| +
dist(0, v1)− 1} ≤ m+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
Case 2.3.2. Precisely one of u and v is in V (C2m+1 × {2n}).
Without loss of generality, assume that v ∈ V (C2m+1 × {2n}). Then u1 ≥ 1, u2 ≤ n− 1, v1 ≥ 1, v2 = 2n.
Claim 2. There exists a (u, v)-path of length l for any l with |2n − u2| + dist(u1, v1) − 1 ≤ l ≤ 2m + 2n − 2 in
T2m+1,2n+1 − (0, 2n).
Let v′ = (v1, 2n − 1). By Corollary 3.5(1), there exists a (u, v′)-path P of length l1 for any l1 with |2n − 1 − u2| +
dist(u1, v1) ≤ l1 ≤ 2m+ 2n− 2 and l1 = |2n− 1− u2| + dist(u1, v1) (mod 2) in C2m+1 × P2n. Then ⟨P, v⟩ is a (u, v)-path
of length l2 for any l2 = l1 + 1 with |2n− u2| + dist(u1, v1) ≤ l2 ≤ 2m+ 2n− 1 and l2 = |2n− u2| + dist(u1, v1) (mod 2)
in T2m+1,2n+1 − (0, 2n). On the other hand, by Lemma 3.6(1), there exists a (u, v)-path of length l3 for any integer l3 with
dist(u1, v1) + dist(u2, 2n) ≤ l3 ≤ 2m + 2n − 2 and l3 = dist(u1, v1) + dist(u2, 2n) (mod 2) in T2m+1,2n+1 − (0, 2n).
Note that |2n − u2| + dist(u1, v1) + dist(u1, v1) + dist(u2, 2n) = 2dist(u1, v1) + 2n + 1 and |2n − u2| + dist(u1, v1) ≥
dist(u1, v1)+dist(u2, 2n). Therefore, there exists a (u, v)-path of length l4 for any integer l4 with |2n−u2|+dist(u1, v1)−1 ≤
l4 ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n). Claim 2 is complete. 
By Lemma 3.6(2), for any integer l5 with dist(u2, 2n) + |u1 − v1| − 1 ≤ l5 ≤ 2m + 2n − 2, there exists a (u, v)-
path of length l5 in T2m+1,2n+1 − (0, 2n). Combining this with Claim 2, there exists a (u, v)-path of length l for any integer
l with min{|2n − u2| + dist(u1, v1) − 1, dist(u2, 2n) + |u1 − v1| − 1} ≤ l4 ≤ 2m + 2n − 2 in T2m+1,2n+1 − (0, 2n).
Note that dist(u1, v1) = 2m + 1 − |v1 − u1|, dist(u2, v2) = 2n + 1 − |v2 − u2| when |v1 − u1| ≥ m + 1 and
|v2 − u2| ≥ n + 1. We can deduce that (|2n − u2| + dist(u1, v1) − 1) + (dist(u2, 2n) + |u1 − v1| − 1) = 2m + 2n. It
follows that min{|2m−v1|+2n−dist(u2, v2)+1, |v1−0|+dist(u2, v2)−1} ≤ m+n. The proof of Case 2.3.2 is complete.
Case 3. |v1 − u1| ≥ m+ 1 and |v2 − u2| ≤ n.
In this case, we can deduce that dist(u1, v1) = 2m+ 1− |v1 − u1| and dist(u2, v2) = |v2 − u2|.
Case 3.1. Both u and v are not in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
Note that (|v2 − u2| + 2m − dist(u1, v1)) + (dist(u1, v1) + 2n − dist(u2, v2)) = (dist(u2, v2) + 2m − dist(u1, v1)) +
(dist(u1, v1)+2n−dist(u2, v2)) = 2m+2n. So theminimumof |v2−u2|+2m−dist(u1, v1) anddist(u1, v1)+2n−dist(u2, v2)
is not more thanm+ n. Combining this with Corollary 3.5(2) and Lemma 3.6(3), there exists a (u, v)-path of every length l
form+ n ≤ l ≤ 2n+ 2m− 2 in T2m+1,2n+1 − (0, 2n).
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Fig. 3. The (u, v)-paths of (a) and (b).
Case 3.2. Both u and v are in V (C2m+1 × {2n}).
Then u = (u1, 2n), v = (v1, 2n). Let u′ = (u1, 2n− 1), v′ = (v1, 2n− 1). By Corollary 3.5(2), there exists a (u′, v′)-path
P of length l1 for any integer l1 with 2m−dist(u1, v1) ≤ l1 ≤ 2m+2n−2, in C2m+1×P2n. Therefore, ⟨u, P, v⟩ is a (u, v)-path
of length l2 for any integer l2 = l1 + 2 with 2m− dist(u1, v1)+ 2 ≤ l2 ≤ 2m+ 2n in T2m+1,2n+1 − (0, 2n). In particular, if
u = (1, 2n), v = (2m, 2n), then ⟨u, P, v⟩ is a (u, v)-path of length l2 for any integer l2 = l1 + 2 with 2m ≤ l2 ≤ 2m+ 2n in
T2m+1,2n+1 − (0, 2n).
On the other hand, if {u, v} ≠ {(1, 2n), (2m, 2n)}, then by Lemma 3.6(3), for any integer l3 with dist(u1, v1)+ 2n ≤ l3 ≤
2m+2n−2, there exists a (u, v)-path of length l3 in T2m+1,2n+1− (0, 2n). Note that (2m−dist(u1, v1)+2)+ (dist(u1, v1)+
2n) = 2m+ 2n+ 2. So the minimum of 2m− dist(u1, v1)+ 2 and dist(u1, v1)+ 2n is not more thanm+ n+ 1. Therefore,
there exists a path of every length l form+ n+ 1 ≤ l ≤ 2n+ 2m− 2 between u and v in T2m+1,2n+1 − (0, 2n).
Assume that {u, v} = {(1, 2n), (2m, 2n)}.Without loss of generality, letu = (1, 2n), v = (2m, 2n). By Theorem2.1, there
exists a ((1, 0), (0, 0))-path Q in P2m × P2n of length l′ for every integer l′ with 1 ≤ l′ ≤ 2m × 2n − 1 and l′ = 1 (mod 2).
Then we have (a) ⟨u,Q , (2m, 0), (2m, 1), . . . , (2m, 2n− 1), v⟩ is a (u, v)-path in T2m+1,2n+1 − (0, 2n) of length l′′ for every
integer l′′ = l′+2n+2with 2n+3 ≤ l′′ ≤ 2m+2n−2 ≤ 2m×2n+2n+1 and l′′ = 2n+3 (mod 2); (b) ⟨u,Q , (2m, 0), v⟩ is
a (u, v)-path in T2m+1,2n+1− (0, 2n) of length l′′′ for every integer l′′′ = l′+3with 4 ≤ l′′′ ≤ 2m+2n−2 ≤ 2m×2n+2 and
l′′′ = 4 (mod 2). (The paths of (a) and (b) are illustrated in Fig. 3.) Therefore, there exists a (u, v)-path in T2m+1,2n+1− (0, 2n)
of length l for every integer lwith 2n+2 = max{2n+3−1, 4−1} ≤ l ≤ 2m+2n−2. Note thatmin{2m, 2n+2} ≤ m+n+1.
Therefore, if u = (1, 2n), v = (2m, 2n), then there exists a (u, v)-path in T2m+1,2n+1 − (0, 2n) of length l for every integer l
withm+ n+ 1 ≤ l ≤ 2m+ 2n− 2.
Case 3.3. Either u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}) or u ∈ V (C2m+1 × {2n}), v ∈ V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}). Then u = (u1, u2) = (0, u2), v =
(v1, v2) = (v1, 2n) and n ≤ u2 ≤ 2n − 1, v1 ≥ m + 1. Combining this with dist(u1, v1) = 2m + 1 − |v1 − u1| and
dist(u2, v2) = |v2 − u2|, we have that dist(0, v1) = 2m+ 1− |v1 − 0| = |v1 − 2m| + 1 and dist(u2, 2n) = |2n− u2|. Let
u′ = (2m, u2), v′ = (v1, 2n−1). By Corollary 3.4(2), for any integer l1 with |v1−2m|+2n−dist(u2, 2n) ≤ l1 ≤ 2m+2n−2,
there exists a (u′, v)-path P of length l1 in ⟨1, 2, . . . , 2m⟩ × C2n+1. Therefore, ⟨u, P⟩ is a (u, v)-path of length l2 for any
integer l2 = l1 + 1 with |v1 − 2m| + 2n − dist(u2, 2n) + 1 ≤ l2 ≤ 2m + 2n − 1 in T2m+1,2n+1 − (0, 2n). By
Corollary 3.5(2), for any integer l3 with |(2n − 1) − u2| + 2m − dist(0, v1) ≤ l3 ≤ 2m + 2n − 2, there exists a
(u, v′)-path Q of length l3 in C2m+1 × P2n. Therefore, ⟨Q , v⟩ is a (u, v)-path of length l4 for any integer l4 = l3 + 1 with
|2n − u2| + 2m − dist(0, v1) ≤ l4 ≤ 2m + 2n − 1 in T2m+1,2n+1 − (0, 2n). Since dist(0, v1) = |v1 − 2m| + 1 and
dist(u2, 2n) = |2n− u2|, it follows that (|v1 − 2m| + 2n− dist(u2, 2n)+ 1)+ (|2n− u2| + 2m− dist(0, v1)) = 2m+ 2n
and hence the minimum of |v1 − 2m| + 2n − dist(u2, v2) + 1 and |2n − u2| + 2m − dist(0, v1) is not more than m + n.
Therefore, there is a (u, v)-path of length l for any lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
Case 3.4. Precisely one of u and v is in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
We discuss the following two subcases.
Case 3.4.1. Precisely one of u and v is in V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1). Then u1 = 0, u2 ≤ 2n − 1, v1 ≥ m + 1, v2 ≤ 2n − 1.
Combining this with dist(u1, v1) = 2m + 1 − |v1 − u1|, we have that dist(0, v1) = 2m + 1 − v1 = |v1 − 2m| + 1.
Let u′ = (2m, u2). By Corollary 3.4(2), for any integer l1 with |v1 − 2m| + 2n − dist(u2, v2) ≤ l1 ≤ 2m + 2n − 2,
there exists a (u′, v)-path P of length l1 in ⟨1, 2, . . . , 2m⟩ × C2n+1. Clearly, ⟨u, P⟩ is a (u, v)-path of length l2 for any
l2 = l1 + 1 with |v1 − 2m| + 2n − dist(u2, v2) + 1 ≤ l2 ≤ 2m + 2n − 1 in T2m+1,2n+1 − (0, 2n). On the other
hand, by Corollary 3.5(2), for any integer l3 with |v2 − u2| + 2m − dist(0, v1) ≤ l3 ≤ 2m + 2n − 2, there exists
a (u, v)-path of length l3 in C2m+1 × P2n. Since dist(0, v1) = |v1 − 2m| + 1 and dist(u2, v2) = |u2 − v2|, it follows
that (|v1 − 2m| + 2n − dist(u2, v2) + 1) + (|v2 − u2| + 2m − dist(0, v1)) = 2m + 2n and hence the minimum of
|v1 − 2m| + 2n − dist(u2, v2) + 1 and |v2 − u2| + 2m − dist(0, v1) is not more than m + n. Therefore, there exists a
(u, v)-path of length lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
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Fig. 4. The (u, v)-path ⟨u, (2m, 0), P6, v⟩.
Case 3.4.2. Precisely one of u and v is in C2m+1 × {2n}.
Without loss of generality, assume that v ∈ V (C2m+1 × {2n}). By Corollary 3.4(1), for any integer l1 with |v1 − u1| +
dist(u2, 2n) ≤ l1 ≤ 2m + 2n − 2 and l1 = |v1 − u1| + dist(u2, 2n) (mod 2), there exists a (u, v)-path of length l1 in
T2m+1,2n+1 − (0, 2n). Let v′ = (v1, 2n− 1). Since |v1 − u1| ≥ m+ 1 in Case 3, v′ ≠ u. By Corollary 3.5(1), for any integer l2
with |2n−1−u2|+dist(u1, v1) ≤ l2 ≤ 2m+2n−2 and l2 = |2n−1−u2|+dist(u1, v1) (mod 2), there exists a (u, v′)-path
Q of length l2 in C2m+1×P2n. Clearly, ⟨Q , v⟩ is a (u, v)-path of length l3 = l2+1 with |2n−1−u2|+dist(u1, v1)+1 ≤ l3 ≤
2m+2n−1 and l3 = |2n−1−u2|+dist(u1, v1)+1 (mod 2) in T2m+1,2n+1−(0, 2n). Since |v1−u1| ≥ m+1 and |v2−u2| ≤ n
in Case 3, l1 + l3 = |v1 − u1| + dist(u2, 2n)+ |2n− 1− u2| + dist(u1, v1)+ 1 (mod 2) = 2dist(u2, 2n)+ 2m+ 1 (mod 2)
and min{l3} = |2n − 1 − u2| + dist(u1, v1) + 1 < |v1 − u1| + dist(u2, 2n) = min{l1}. Therefore, for any integer l′ with
|v1 − u1| + dist(u2, 2n)− 1 ≤ l′ ≤ 2m+ 2n− 2, there exists a (u, v)-path of length l′ in T2m+1,2n+1 − (0, 2n).
On the other hand, by Lemma 3.6(3), there exists a (u, v)-path of length l′′ for any integer l′′ with dist(u1, v1) + 2n −
dist(u2, v2) ≤ l′′ ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n). Since |v1 − u1| ≥ m+ 1, dist(u1, v1)+ |v1 − u1| = 2m+ 1. Thus
(|v1− u1| + dist(u2, 2n)− 1)+ (dist(u1, v1)+ 2n− dist(u2, v2)) = 2m+ 2n. It follows that min{|v1− u1| + dist(u2, 2n)−
1, dist(u1, v1)+ 2n− dist(u2, v2)} ≤ m+ n. Therefore, there exists a (u, v)-path of length lwithm+ n ≤ l ≤ 2m+ 2n− 2
in T2m+1,2n+1 − (0, 2n).
Case 4. |v1 − u1| ≤ m and |v2 − u2| ≥ n+ 1.
In this case, we can deduce that dist(u1, v1) = |v1 − u1| and dist(u2, v2) = 2n+ 1− |v2 − u2|.
Case 4.1. Both u and v are not in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
Note that (|v1 − u1| + 2n − dist(u2, v2)) + (dist(u2, v2) + 2m − dist(u1, v1)) = (dist(u1, v1) + 2n − dist(u2, v2)) +
(dist(u2, v2) + 2m − dist(u1, v1)) = 2m + 2n. So the minimum of |v1 − u1| + 2n − dist(u2, v2) and dist(u2, v2) + 2m −
dist(u1, v1) is not more than m + n. Combining this with Corollary 3.4(2) and Lemma 3.7(3), there exists a (u, v)-path of
every length l form+ n ≤ l ≤ 2n+ 2m− 2 in T2m+1,2n+1 − (0, 2n).
Case 4.2. Both u and v are in V ({0} × C2n+1).
Then u = (0, u2), v = (0, v2). Let u′ = (1, u2), v′ = (1, v2). By Corollary 3.4(2), there exists a (u′, v′)-path L of length l1
for any integer l1 with 2n− dist(u2, v2) ≤ l1 ≤ 2m+ 2n− 2, in ⟨1, 2, . . . , 2m⟩ × C2n+1. Therefore, ⟨u, L, v⟩ is a (u, v)-path
in T2m+1,2n+1 − (0, 2n) of length l2 for any integer l2 = l1 + 2 with 2n − dist(u2, v2) + 2 ≤ l2 ≤ 2m + 2n. In particular, if
u = (0, 0), v = (0, 2n − 1), ⟨u, L, v⟩ is a (u, v)-path in T2m+1,2n+1 − (0, 2n) of length l2 for any integer l2 = l1 + 2 with
2n ≤ l2 ≤ 2m+ 2n.
On the other hand, if {u, v} ≠ {(0, 0), (0, 2n−1)}, then by Lemma 3.7(3), for any integer l3 with dist(u2, v2)+2m ≤ l3 ≤
2m+2n−2, there exists a (u, v)-path of length l3 in T2m+1,2n+1− (0, 2n). Note that (2n−dist(u2, v2)+2)+ (dist(u2, v2)+
2m) = 2m+ 2n+ 2. So the minimum of 2n− dist(u2, v2)+ 2 and dist(u2, v2)+ 2m is not more thanm+ n+ 1. Therefore,
there exists a path of every length l form+ n+ 1 ≤ l ≤ 2n+ 2m− 2 between u and v in T2m+1,2n+1 − (0, 2n).
Assume that {u, v} = {(0, 0), (0, 2n − 1)}. Without loss of generality, let u = (0, 0), v = (0, 2n − 1). Let P =
⟨1, 2, . . . , 2m⟩. By Corollary 3.4(1), for any integer l4 with 2 ≤ l4 ≤ 2m + 2n − 2 and l4 = 2 (mod 2), there is a
((2m, 0), (2m, 2n− 1))-path P4 of length l4 in P × C2n+1. Clearly, ⟨u, P4, v⟩ is a (u, v)-path in T2m+1,2n+1 − (0, 2n) of length
l5 for every integer l5 = l4 + 2 with 4 ≤ l5 ≤ 2m+ 2n and l5 = 4 (mod 2).
Let Q = ⟨1, 2, . . . , 2n⟩. Define φ : P×Q → P2m×P2n to be amapping such that φ((x1, x2)) = (2m−x1, 2n−x2) for any
vertex (x1, x2) ∈ V (P × Q ). Clearly, φ : P × Q → P2m × P2n is an isomorphism and φ((2m, 2n)) = (0, 0), φ((1, 2n− 1)) =
(2m − 1, 1). By Theorem 2.1, there exists a ((0, 0), (2m − 1, 1))-path in P2m × P2n of length l6 for any integer l6 with
2m ≤ l6 ≤ 2m× 2n− 1 and l6 = 2m (mod 2). Therefore, there exists a ((2m, 2n), (1, 2n− 1))-path P6 in P ×Q of length l6
for any integer l6 with 2m ≤ l6 ≤ 2m+ 2n− 2 and l6 = 2m (mod 2). Then we have that ⟨u, (2m, 0), P6, v⟩ is a (u, v)-path
in T2m+1,2n+1− (0, 2n) of length l7 for every integer l7 = l6+ 3 with 2m+ 3 ≤ l7 ≤ 2m+ 2n+ 1 and l7 = 2m+ 3 (mod 2).
(The (u, v)-path ⟨u, (2m, 0), P6, v⟩ is illustrated in Fig. 4.)
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Therefore, there exists a (u, v)-path of length l′ for every integer l′with2m+2 = max{2m+3−1, 4−1} ≤ l′ ≤ 2m+2n−2
in T2m+1,2n+1 − (0, 2n).
Note that we have shown that there exists a (u, v)-path in T2m+1,2n+1 − (0, 2n) of length l2 for any integer l2 with
2n ≤ l2 ≤ 2m + 2n. Since min{2n, 2m + 2} ≤ m + n + 1, it follows that for {u, v} = {(0, 0), (0, 2n − 1)}, there exists a
(u, v)-path in T2m+1,2n+1 − (0, 2n) of length l for every integer lwithm+ n+ 1 ≤ l ≤ 2m+ 2n− 2.
Case 4.3. Either u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}) or u ∈ V (C2m+1 × {2n}), v ∈ V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1), v ∈ V (C2m+1 × {2n}). Then u = (u1, u2) = (0, u2), v =
(v1, v2) = (v1, 2n) and 0 ≤ u2 ≤ n − 1, 1 ≤ v1 ≤ m. Combining this with dist(u1, v1) = |v1 − u1| and
dist(u2, v2) = 2n+ 1− |v2 − u2|, we have that dist(0, v1) = |v1 − 0| and dist(u2, 2n) = 2n+ 1− |2n− u2| = u2 + 1. Let
u′ = (1, u2), v′ = (v1, 0). By Corollary 3.4(2), for any integer l1 with (v1− 1)+ 2n−dist(u2, 2n) ≤ l1 ≤ 2m+ 2n− 2, there
exists a (u′, v)-path P of length l1 in ⟨1, 2, . . . , 2m⟩ × C2n+1. Therefore, ⟨u, P⟩ is a (u, v)-path of length l2 for any integer
l2 = l1+1with v1+2n−dist(u2, 2n) ≤ l2 ≤ 2m+2n−1 in T2m+1,2n+1− (0, 2n). By Corollary 3.5(2), for any integer l3 with
u2+2m−dist(0, v1) ≤ l3 ≤ 2m+2n−2, there exists a (u, v′)-pathQ of length l3 in C2m+1×P2n. Therefore, ⟨Q , v⟩ is a (u, v)-
path of length l4 for any integer l4 = l3+1 with u2+2m−dist(0, v1)+1 ≤ l4 ≤ 2m+2n−1 in T2m+1,2n+1− (0, 2n). Since
dist(0, v1) = v1 and dist(u2, 2n) = u2+ 1, it follows that (v1+ 2n−dist(u2, 2n))+ (u2+ 2m−dist(0, v1)+ 1) = 2m+ 2n
and hence the minimum of v1 + 2n− dist(u2, 2n) and u2 + 2m− dist(0, v1)+ 1 is not more thanm+ n. Therefore, there
is a (u, v)-path of length l for any lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
Case 4.4. Precisely one of u and v is in V ({0} × C2n+1 ∪ C2m+1 × {2n}).
We discuss the following two subcases.
Case 4.4.1. Precisely one of u and v is in V ({0} × C2n+1).
Without loss of generality, assume that u ∈ V ({0} × C2n+1). Then u1 = 0, u2 ≤ 2n − 1, 1 ≤ v1 ≤ m, v2 ≤ 2n − 1.
Combining this with dist(u1, v1) = |v1 − u1|, we have that dist(0, v1) = v1. Let u′ = (1, u2). By Corollary 3.4(2), for
any integer l1 with (v1 − 1) + 2n − dist(u2, v2) ≤ l1 ≤ 2m + 2n − 2, there exists a (u′, v)-path P of length l1 in
⟨1, 2, . . . , 2m⟩ × C2n+1. Clearly, ⟨u, P⟩ is a (u, v)-path of length l2 for any l2 = l1 + 1 with v1 + 2n − dist(u2, v2) ≤
l2 ≤ 2m+ 2n− 1 in T2m+1,2n+1 − (0, 2n). On the other hand, by Lemma 3.7(3), for any integer l3 with dist(u2, v2)+ 2m−
dist(0, v1) ≤ l3 ≤ 2m + 2n − 2, there exists a (u, v)-path of length l3 in T2m+1,2n+1 − (0, 2n). Since dist(0, v1) = v1,
it follows that (v1 + 2n − dist(u2, v2)) + (dist(u2, v2) + 2m − dist(0, v1)) = 2m + 2n and hence the minimum of
v1 + 2n − dist(u2, v2) and dist(u2, v2) + 2m − dist(0, v1) is not more than m + n. Therefore, there exists a (u, v)-path
of length lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n).
Case 4.4.2. Precisely one of u and v is in C2m+1 × {2n}.
Without loss of generality, assume that v ∈ V (C2m+1 × {2n}). Then v2 = 2n, 0 ≤ u2 ≤ n − 1, v1 ≥ 1, u1 ≥ 1.
By Corollary 3.4(2), for any integer l1 with |u1 − v1| + 2n − dist(u2, 2n) ≤ l1 ≤ 2m + 2n − 2, there exists a (u, v)-
path P of length l1 in T2m+1,2n+1 − (0, 2n). By Lemma 3.7(3), there exists a (u, v)-path of length l2 for any integer l2 with
dist(u2, 2n) + 2m − dist(u1, v1) ≤ l2 ≤ 2m + 2n − 2 in T2m+1,2n+1 − (0, 2n). Note that dist(u1, v1) = |v1 − u1| if
|v1 − u1| ≤ m. So (|u1 − v1| + 2n − dist(u2, 2n)) + (dist(u2, 2n) + 2m − dist(u1, v1)) = 2m + 2n. It follows that
min{|u1 − v1| + 2n − dist(u2, 2n), dist(u2, 2n) + 2m − dist(u1, v1)} ≤ m + n. Therefore, there exists a (u, v)-path of
length lwithm+ n ≤ l ≤ 2m+ 2n− 2 in T2m+1,2n+1 − (0, 2n). The proof of Theorem 3.8 is complete.
4. Panconnectivity of the vertex-fault n-dimensional torus networks
Let G be a graph and let P = ⟨v1, v2, . . . , vk⟩ be a path or a cycle. Denote vi × G by Gi. Throughout this section, if u is a
vertex of Gi, then we often refer to its neighbors in Gi−1 and Gi+1 as ui−1 and ui+1, respectively.
Lemma 4.1. Let G be a k(≥1)-vertex-fault m(≥2k + 1)-panconnected graph of order ν ≥ 2m + k + 1, and let P =
⟨v1, v2, . . . , vν′⟩ be a path. If the vertex faulty set F in the Cartesian product graphH = G×P is satisfiedwith |Fi| = |F∩V (Gi)| ≤
k, then for any pair of distinct healthy vertices u, v ∈ V (G1), there is a (u, v)-path of every length l with m ≤ l ≤ νν ′ − |F | − 1
in H − F .
Proof. The lemma is shown by induction on ν ′. If ν ′ = 1, then the result follows from assumption. Assume that the lemma
is true for ν ′ − 1 ≥ 1. We will show that the lemma holds for ν ′.
Case 1:m ≤ l ≤ ν − |F1| − 1.
Since G1 is k-vertex-fault m-panconnected, G1 − F1 contains a (u, v)-path of every length l with m ≤ l ≤ ν − |F1| − 1.
Hence, a path of a specified length l can be constructed.
Case 2: ν − |F1| ≤ l ≤ νν ′ − |F | − 1.
By assumption, there is a (u, v)-path P1 of every length l1 withm ≤ l1 ≤ ν−|F1|−1 in G1−F1. We claim that there exists
an edge xy on P1 such that the neighbors x2 and y2 of x, y in G2 are both healthy. Note that there exist l1 (l1 ≥ m ≥ 2k+ 1)
candidate edges on P1 and at most k faulty vertices in G2. Furthermore, one faulty vertex blocks at most two candidates.
Therefore, this claim holds. We write P1 = ⟨u, P11, x, y, P12, v⟩.
By the induction hypothesis, there is a (x2, y2)-path P2 of every length l2 with m ≤ l2 ≤ ν(ν ′ − 1)− (|F | − |F1|)− 1 in
H − G1.
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By inserting P2 into P1, we may obtain a (u, v)-path ⟨u, P11, x, P2, y, P12, v⟩ of every length l = l1 + l2 + 1 with
2m + 1 ≤ l ≤ νν ′ − |F | − 1. Since ν ≥ 2m + k + 1 and |F1| ≤ k, it follows that ν − |F1| ≥ 2m + 1. Hence, a path
of a specified length l can be constructed. The proof is complete. 
Lemma 4.2. Let G be a k(≥1)-vertex-fault m(≥2k + 1)-panconnected graph of order ν ≥ 2m + k + 2 and minimum degree
δ ≥ k + 3, and let P = ⟨v1, v2, . . . , vν′⟩ be a path with ν ′ ≥ 2. If the candidate of vertex faulty set F in the Cartesian
product graph H = G × P is not more than k + 2 and |Fi| = |F ∩ V (Gi)| ≤ k, then for any pair of distinct vertices
u ∈ V (G1), v ∈ V (Gr)(1 ≤ r ≤ ν ′), there is a (u, v)-path of every length l with m + 2(r − 1) ≤ l ≤ νν ′ − |F | − 1 in
H − F .
Proof. The proof is by induction on r . When r = 1, the result follows from Lemma 4.1. Assume now that the lemma is true
for r = α − 1 with α ≥ 2. We shall show that the lemma holds for r = α.
Case 1. α = 2.
Assume u2 = v or u2 ∈ F . Since |F | ≤ k + 2 and δ(G1) ≥ k + 3, there exists a pair of healthy vertices w,w2 such that
w ∈ N(u) ∩ V (G1), w2 ∈ N(w) ∩ V (G2) and w2 ≠ v. By Lemma 4.1, there exists a (w2, v)-path P1 of every length l1 with
m ≤ l1 ≤ ν(ν ′ − 1) − |F − F1| − 1 in H − V (G1) − F . Thus, ⟨u, w, P⟩ is a (u, v)-path of every length l = l1 + 2 with
m+ 2 ≤ l ≤ ν(ν ′ − 1)− |F − F1| + 1 in H − F .
By assumption, there exists a (u, w)-path P2 of every length l2 withm ≤ l2 ≤ ν − |F1| − 1 in G1 − F1. Thus ⟨P2, P1⟩ is a
(u, v)-path of every length l = l1 + l2 + 1 with 2m+ 1 ≤ l ≤ νν ′ − |F | − 1. Since ν ≥ 2m+ k+ 2, ν ′ ≥ 2 and |F | ≤ k+ 2,
we have 2m+ 1 ≤ (ν(ν ′ − 1)− |F − F1| + 1)+ 1. Hence, a path of a specified length can be constructed.
Assume u2 ≠ v and u2 ∉ F . By Lemma 4.1, there exists a (u2, v)-path P3 of every length l3 with m ≤ l3 ≤ ν(ν ′ − 1) −
|F − F1| − 1 in H − V (G1)− F . Thus, ⟨u, P3⟩ is a (u, v)-path of every length l = l3+ 1 withm+ 1 ≤ l ≤ ν(ν ′− 1)− |F − F1|
in H − F .
By the definition of Cartesian product graphs, for any x ∈ V (G1), there exists a vertex x2 ∈ N(x) ∩ V (G2). Furthermore,
one faulty vertex blocks at most a pair of {x, x2}. Since |V (Gi)| ≥ 2m + k + 2 ≥ 5k + 4 and |F ∪ {u, v}| ≤ k + 4, there
exists a pair of healthy vertices {x, x2} such that x ≠ u and x2 ≠ v. By assumption, there exists a (u, x)-path P4 of every
length l4 with m ≤ l4 ≤ ν − |F1| − 1 in G1 − F1. By Lemma 4.1, there exists a (x2, v)-path P5 of every length l5 with
m ≤ l5 ≤ ν(ν ′ − 1)− (|F | − |F1|)− 1 in H − V (G1)− F . Thus ⟨P4, P5⟩ is a (u, v)-path of every length l = l4 + l5 + 1 with
2m+ 1 ≤ l ≤ νν ′ − |F | − 1. Since ν ≥ 2m+ k+ 2, ν ′ ≥ 2 and |F | ≤ k+ 2, we have 2m+ 1 ≤ (ν(ν ′ − 1)− |F − F1|)+ 1.
Hence, a path of a specified length can be constructed.
Case 2. α ≥ 3.
By the definition of Cartesian product graphs, for anyw ∈ V (G1), there exists a vertexw2 ∈ N(w)∩V (G2). Furthermore,
one faulty vertex blocks at most a pair of {w,w2}. Since δ(G1) ≥ k+ 3, |F | ≤ k+ 2 and α ≥ 3, there exists a pair of healthy
vertices {w,w2} such thatw ∈ N(u) ∩ V (G1) andw2 ∈ N(w) ∩ V (G2).
By induction, there exists a (w2, v)-path Q 1 of every length q1 with m + 2(α − 2) ≤ q1 ≤ ν(ν ′ − 1) − |F − F1| − 1 in
H − V (G1). Thus, ⟨u, w,Q 1⟩ is a (u, v)-path of every length l = q1 + 2 withm+ 2(α − 1) ≤ l ≤ ν(ν ′ − 1)− |F − F1| + 1
in H − F .
By assumption, there exists a (u, w)-path Q 2 of every length q2 withm ≤ q2 ≤ ν − |F1| − 1 in G1 − F1. Thus ⟨Q 2,Q 1⟩ is
a (u, v)-path of every length l = q1 + q2 + 1 with 2m+ 2(α − 2)+ 1 ≤ l ≤ νν ′ − |F | − 1. Since ν ≥ 2m+ k+ 2, ν ′ ≥ 2
and |F | ≤ k+ 2, we have 2m+ 2(α − 2)+ 1 ≤ (ν(ν ′ − 1)− |F − Fr | + 1)+ 1. Hence, a path of a specified length can be
constructed. The proof is complete. 
Lemma 4.3. Let G be a k-vertex-fault m(≥2k+1)-panconnected graph of order ν ≥ 2m+k+2 andminimum degree δ ≥ k+3,
and let P = ⟨v1, v2, . . . , vν′⟩ be a pathwith ν ′ ≥ 2. If the candidate of vertex faulty set F in the Cartesian product graphH = G×P
is not more than k + 2 and |Fi| = |F ∩ V (Gi)| ≤ k, then for any pair of distinct vertices u ∈ V (G1), v ∈ V (Gr) (1 ≤ r ≤ ν ′),
there is a (u, v)-path of every length l with m+ r ≤ l ≤ νν ′ − |F | − 1 in H − F .
Proof. If r = 1, then the lemma follows from Lemma 4.1. So assume that r ≥ 2. Let u1 = u and let ui+1 = N(ui) ∩ V (Gi+1)
for 1 ≤ i ≤ r − 1. Since δ(G1) ≥ k + 3, there exist at least (k + 3) neighbors w11, w12, . . . , w1k+3 of u in G1. Let
wi+1j = N(wij) ∩ V (Gi+1) for 1 ≤ j ≤ k + 3, 1 ≤ i ≤ r − 1. Let P0 = ⟨u, u2, . . . , ur⟩ and let P j = ⟨u, w1j , w2j , . . . , wrj ⟩ for
1 ≤ j ≤ k+ 3. Clearly, V (P i) ∩ V (P j) = {u} for any 0 ≤ i, j ≤ k+ 3 and i ≠ j. Combining this with |F ∪ {v}| ≤ k+ 3, there
exists a path P i such that V (P i) ∩ (F ∪ {v}) = ∅, say Q = P i.
For any integer m + r ≤ l ≤ m + 2(r − 1) − 1, let t = m + 2r − l − 2 if Q = P0; otherwise, t = m + 2r − 1 − l. Let
y = V (Q )∩V (Gt) and letQ 1 be the (u, y)-subpath ofQ . By the choice ofQ , the neighbor yt+1 of y inQ is not v. By Lemma 4.2,
there is a (yt+1, v)-path P of every length p = m + 2[r − (t + 1)] in H −ti=1 V (Gi) − F . Then ⟨Q 1, P⟩ is a (u, v)-path of
length l in H − F . Combining this with Lemma 4.2, for any pair of distinct vertices u ∈ V (G1), v ∈ V (Gr) (1 ≤ r ≤ ν ′), there
is a (u, v)-path of every length lwithm+ r ≤ l ≤ νν ′ − |F | − 1 in H − F . The proof is complete. 
Theorem 4.4. Let G be a k-vertex-fault m(≥2k + 1)-panconnected graph of order ν ≥ 2m + k + 2 and minimum degree
δ ≥ k+ 3, let C be a cycle of order ν ′ ≥ 3 and let H = G× C. Then H − F is m+ ⌈ ν′2 ⌉-panconnected for any vertex faulty set
F ⊆ V (H) with |F | ≤ k+ 2 and |Fj| = |F ∩ Gj| ≤ k.
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Proof. Let C = ⟨1, 2, . . . , ν ′, 1⟩, P = ⟨1, 2, . . . , ν ′⟩ and let u and v be two distinct healthy vertices in H . Without loss of
generality, assume that u and v are in G1 and Gr (1 ≤ r ≤ ⌈ ν′2 ⌉), respectively. By Lemma 4.3, there is a (u, v)-path of every
length lwithm+ r ≤ m+ ⌈ ν′2 ⌉ ≤ l ≤ νν ′ − |F | − 1 in H − F . The proof is complete. 
Lemma 4.5. Let G be a k-vertex-fault m-panconnected graph and let F be a faulty vertex set of G.
(i) If |F | = k+ 2, then there exists a Hamilton path in G− F .
(ii) If |F | = k + 1, then, for any vertex u ∈ V (G) − F , there exists a Hamilton path P in G − F such that u is the starting point
of P.
Proof. (i) Let F = F ′∪{x, y}. Then |F ′| ≤ k. SinceG is k-vertex-faultm-panconnected, we have thatG−F ′ ism-panconnected
and hence there is a Hamilton path between any vertex pair u, v in G− F ′. Therefore, there is a Hamilton path P from x to y
in G− F ′. Clearly, P − {x, y} is a Hamilton path of G− F .
(ii) Let F = F ′ ∪ {x}. Then |F ′| ≤ k. Since G is k-vertex-fault m-panconnected, we have that G − F ′ is m-panconnected
and hence there is a Hamilton path between any vertex pair s, t in G− F ′. Therefore, there is a Hamilton path P from u to x
in G− F ′. Clearly, P − {x} is a Hamilton path of G− F and u is the starting point of P . 
Lemma 4.6. Let G be a k(≥1)-vertex-fault m-panconnected graph of order ν ≥ 2m+k+2 and minimum degree δ ≥ k+3 and
let C = ⟨1, 2, . . . , ν ′, 1⟩ (ν ′ ≥ 3 and ν ′ is odd) be a cycle. If the faulty vertex set F in the Cartesian product graph H = G × C
satisfies |F | = k+ 2 and F ⊂ V (G1), then for any pair of distinct vertices u ∈ V (Gα), v ∈ V (Gβ)(α < β), there is a (u, v)-path
of every length l with m+ ⌈ ν′2 ⌉ ≤ l ≤ νν ′ − k− 3.
Proof. By Lemma 4.5(i), there exists a Hamilton path Q in G1 − F . Let x0, y0 be two ends of Q and let l1 be the length of Q .
Clearly, l1 = ν − |F | − 1. We divide the proof into two cases as follows.
Case 1. α = 1.
Note that there are two chains of subcopies from G1 to Gβ : G1,G2, . . . ,Gβ−1,Gβ and G1,Gν′ , . . . ,Gβ+1,Gβ . Without loss
of generality, we may assume that G1,G2, . . . ,Gβ−1,Gβ is the shorter one and hence β ≤ ⌈ ν′2 ⌉.
Case 1.1. β = 2 andm+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1).
Assume u2 = v. Since |F | = k + 2 and δ(G1) ≥ k + 3, there exists a pair of healthy vertices w,w2 such that
w ∈ N(u) ∩ V (G1), w2 ∈ N(w) ∩ V (G2) and w2 ≠ v. By Lemma 4.1, there exists a (w2, v)-path P1 of every length
l1 with m ≤ l1 ≤ ν(ν ′ − 1) − 1 in H − V (G1) − F . Thus, ⟨u, w, P⟩ is a (u, v)-path of every length l = l1 + 2 with
m+ 2 = m+ β ≤ m+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1)+ 1 in H − F .
Assume u2 ≠ v. Since F ⊂ V (G1, ) u2 ∉ F . By Lemma 4.1, there exists a (u2, v)-path P2 of every length l2 with
m ≤ l2 ≤ ν(ν ′ − 1) − |F − F1| − 1 in H − V (G1) − F . Thus, ⟨u, P2⟩ is a (u, v)-path of every length l = l2 + 1 with
m+ 1 ≤ m+ β ≤ m+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1) in H − F .
Case 1.2. β ≥ 3 andm+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1).
Since F ⊂ V (G1), it follows that u2 is healthy. By Lemma 4.3, there exists a (u2, v)-path P3 of every length l3 with
m + (β − 1) ≤ l3 ≤ ν(ν ′ − 1) − 1 in H − V (G1) − F . Then ⟨u, P3⟩ is a (u, v)-path of every length l = l3 + 1 with
m+ β ≤ m+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1) in H − F .
Case 1.3. ν(ν ′ − 1)+ 1 ≤ l ≤ νν ′ − k− 3.
We have shown that there is a Hamilton path Q in G1 − F1, say x0, y0 are the origin and terminus.
We first consider an easy case that x0 or y0 = u. Without loss of generality, let x0 = u. Let yν′0 be the neighbor of y0
in V (Gν′). Since v ∈ V (Gβ) and β ≤ ⌈ ν′2 ⌉ < ν ′, it follows that yν
′
0 ≠ v. By Lemma 4.3, there exists a (yν′0 , v)-path P4
of every length l4 with m + (ν ′ − 1) ≤ l4 ≤ ν(ν ′ − 1) − 1 in H − V (G1) − F . Then ⟨Q , P4⟩ is a (u, v)-path of length
l = (ν − k− 3)+ 1+ l4 with ν − k− 2+m+ (ν ′ − 1) ≤ l ≤ νν ′ − k− 3. Since ν ′ ≥ 3 and ν ≥ 2m+ k+ 2, it follows that
ν(ν ′ − 1)+ 1 ≥ ν − k− 2+m+ (ν ′ − 1). Hence, a (u, v)-path of a specified length can be constructed.
Next, assume that x0 ≠ u and y0 ≠ u. Write Q as ⟨x0,Q 1, z0, u,Q 2, y0⟩. If the neighbor x20 of x0 in G2 differs from v, then
by Lemma 4.3, there is a (x20, v)-path P
4 of every length l4 with m+ β − 1 ≤ l4 ≤ ν(β − 1)− 1 in the spanning subgraph
H[βi=2 Gi]. Let zν′0 , yν′0 be the neighbors of z0 and y0 in Gν′ . By Lemma 4.1, there is a (yν′0 , zν′0 )-path P5 of every length l5
with m ≤ l5 ≤ ν(ν ′ − β) − 1 in the spanning subgraph H[ν′i=β+1 Gi]. Clearly, P6 = ⟨u,Q 2, y0, P5, z0, (Q 1)−, x0, P4⟩ is a
(u, v)-path of every length l6 = l4 + l5 + (ν − k− 4)+ 3 with 2m+ β + ν − k− 2 ≤ l6 ≤ νν ′ − k− 3 in H − F . (This path
is illustrated in Fig. 5.) Since ν ≥ 2m+ k+ 2, and 2 ≤ β ≤ ⌈ ν′2 ⌉ ≤ ν
′+1
2 , we have that
[ν(ν ′ − 1)+ 1] − [2m+ β + ν − k− 2] ≥ [(2β − 2)ν + 1] − [2m+ β + ν − k− 2]
= β(ν − 1)+ ν(β − 3)− 2m+ k+ 3
≥ ν − 2− 2m+ k+ 3
≥ 2m+ k+ 2− 2− 2m+ k+ 3
= 2k+ 3 > 0,
that is ν(ν ′ − 1)+ 1 > 2m+ β + ν − k− 2. Hence, a (u, v)-path of a specified length can be constructed.
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Fig. 5. The (u, v)-path P6 in H − F .
Suppose the neighbor x20 of x0 in G2 is v. Let z
2
0 , y
2
0 be the neighbors of z0 and y0 in G2. By Lemma 4.1, there is a (y
2
0, z
2
0)-
path P7 of every length l7 with m ≤ l7 ≤ ν(ν ′ − 1) − 2 in H − V (G1) − {v}. Clearly, P = ⟨u,Q 2, y0, P7, z0, (Q 1)−, x0, v⟩
is a (u, v)-path of every length l = l7 + (ν − k − 4) + 3 with m + ν − k − 1 ≤ l ≤ νν ′ − k − 3 in H − F . Note that
m+ ν − k− 1 ≤ [ν − (k+ 2)− 1] + ν − k− 1 = 2ν − 2k− 4 ≤ ν(ν ′ − 1)+ 1. Hence, a (u, v)-path of a specified length
can also be constructed.
Case 2. α ≥ 2.
Note that there are two chains of subcopies from Gα to Gβ : Gα,Gα+1, . . . ,Gβ and Gβ ,Gβ+1,Gβ+2, . . . ,Gν′ ,G1, . . . ,Gα−1,
Gα .
Case 2.1. Gα,Gα+1, . . . ,Gβ is the shorter one.
In this case, β − α ≤ ⌊ ν′2 ⌋. Since ν ′ is odd, β − α + 1 ≤ ⌈ ν
′
2 ⌉.
Case 2.1.1.m+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1)− 1.
By Lemma 4.3, there is a (u, v)-path P1 of every length l1 withm+ (β − α)+ 1 ≤ m+ ⌈ ν′2 ⌉ ≤ l1 ≤ ν(β − α+ 1)− 1 in
H[βi=α Gi].
Choose a vertex w such that w is a neighbor of u in Gα and the neighbor wα+1 of w in Gα+1 differs from v (the vertex
w exists since δ(Gα) ≥ k + 3 and Gα,Gα+1 contain no faulty vertices). By Lemma 4.1, there is a (u, w)-path P2 of every
length l2 with m ≤ l2 ≤ ν(α − 1) − 1 in H[αi=2 Gi] and there exists a (wα+1, v)-path P3 of every length l3 with
m + (β − α) ≤ l3 ≤ ν(ν ′ − α) − 1 in H[ν′i=α+1 Gi]. Thus ⟨P2, P3⟩ is a (u, v)-path of length l = l2 + l3 + 1 with
2m+ β − α + 1 ≤ l ≤ ν(ν ′ − 1)− 1. Clearly, 2m+ β − α + 1 ≤ ν(β − α + 1).
Case 2.1.2. ν(ν ′ − 1) ≤ l ≤ νν ′ − k− 3.
Let x20, x
ν′
0 , y
2
0, y
ν′
0 be the neighbors of x0, y0 in G2 and Gν′ , respectively.
Suppose that x20 = u and yν′0 = v. Then α = 2, β = ν ′ and xν′0 ≠ v, y20 ≠ u. Since β − α ≤ ⌊ ν
′
2 ⌋, ν ′ ≥ 3 and ν ′ is
odd, we have β = ν ′ = 3. By assumption, there is a (u, y20)-path P4 of every length l4 with m ≤ l4 ≤ ν − 1 in G2, and
there is an (xν
′
0 , v)-path P
5 of every length l5 withm ≤ l5 ≤ ν − 1 in Gν′ . Then ⟨P4,Q−, P5⟩ is a (u, v)-path of every length
l = l4 + l5 + (ν − k− 3)+ 2 with 2m+ ν − k− 1 ≤ l ≤ νν ′ − k− 3 in H − F . (The (u, v)-path ⟨P4,Q−, P5⟩ is illustrated
in Fig. 6(a).) Since ν ′ = 3 and ν ≥ 2m+ k+ 2, it follows that 2m+ ν − k− 1 ≤ ν(ν ′ − 1). Therefore, there is a (u, v)-path
of every length lwith ν(ν ′ − 1) ≤ l ≤ νν ′ − k− 3 in H − F .
Suppose that x20 ≠ u and yν′0 = v or x20 = u and yν′0 ≠ v. Without loss of generality, assume that x20 ≠ u and yν′0 = v.
By Lemma 4.3, there is a (u, x20)-path P
6 of every length l6 with m + α − 1 ≤ l6 ≤ ν(ν ′ − 1) − 2 in H[ν′i=2 Gi] − v. Then
⟨P6,Q , v⟩ is a (u, v)-path of every length l = l6 + (ν − k− 3)+ 2 with (m+ α − 1)+ (ν − k− 3)+ 2 ≤ l ≤ νν ′ − k− 3
in H − F . (The (u, v)-path ⟨P6,Q , v⟩ is illustrated in Fig. 6(b).) Since α ≤ ν ′ − 1, ν ′ ≥ 3 and ν ≥ 2m+ k+ 2, it follows that
(m+α−1)+ (ν−k−3)+2 ≤ ν(ν ′−1). Therefore, there is a (u, v)-path of every length lwith ν(ν ′−1) ≤ l ≤ νν ′−k−3
in H − F .
Suppose that x20 ≠ u and yν′0 ≠ v. By Lemma 4.3, there is a (u, x20)-path P7 of every length l7 with m + α − 1 ≤ l7 ≤
ν(α−1)−1 inH[αi=2 Gi] and there is a (yν′0 , v)-path P8 of every length l8withm+ν ′−α ≤ l8 ≤ ν(ν ′−α)−1 inH[ν′i=α+1 Gi].
Thus ⟨P7,Q , P8⟩ is a (u, v)-path of every length l = l7 + l8 + (ν − k− 3)+ 2 with 2m+ ν + ν ′ − k− 2 ≤ l ≤ νν ′ − |F | − 1
in H − F . (The (u, v)-path ⟨P7,Q , P8⟩ is illustrated in Fig. 6(c).) Since ν ′ ≥ 3 and ν ≥ 2m + k + 2, it follows that
2m + ν + ν ′ − k − 2 ≤ ν(ν ′ − 1). Therefore, there is a (u, v)-path of every length l with ν(ν ′ − 1) ≤ l ≤ νν ′ − k − 3 in
H − F .
Case 2.2. Gβ ,Gβ+1,Gβ+2, . . . ,Gν′ ,G1, . . . ,Gα−1,Gα is the shorter one.
It is easy to see that β − α ≥ 2 in this case.
Denote the length of the chain Gβ ,Gβ+1,Gβ+2, . . . ,Gν′ ,G1, . . . ,Gα−1,Gα by l∗. Clearly, l∗ ≤ ⌊ ν′2 ⌋.
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Fig. 6. Three (u, v)-paths of Case 2.1.2.
Since δ(Gα) ≥ k + 3, there exist at least (k + 3) neighbors wα1 , wα2 , . . . , wαk+3 of u in Gα . Define u = uα . Let
ui−1 = N(ui) ∩ V (Gi−1) and let wi−1j = N(wij) ∩ V (Gi−1) for 1 ≤ j ≤ k + 3, i ∈ {α, α − 1, . . . , 2, ν ′, ν ′ − 1, . . . , β + 1}.
Let uν
′ = N(u1)∩ V (Gν′) and letwν′j = N(w1j )∩ V (Gν′). Let P0 = ⟨u, uα−1, . . . , uβ⟩ and let P j = ⟨u, wαj , wα−1j , . . . , wβj ⟩ for
1 ≤ j ≤ k+3. Clearly, V (P i)∩V (P j) = {u} for any 0 ≤ i, j ≤ k+3 and i ≠ j. Combining thiswith |F∪{v}| ≤ k+3, there exists
a path P i such that V (P i)∩ (F ∩ {v}) = ∅, sayW = P i. Clearly, the length l′ ofW is not more than l∗ + 1 ≤ ⌊ ν′2 ⌋ + 1 = ⌈ ν
′
2 ⌉
(since ν ′ is odd).
Say w is the terminus ofW . By Lemma 4.1, there is a (w, v)-pathW 1 in H[βi=α+1 Gi] of every length l1 with m ≤ l1 ≤
ν(β−α)−1. Then ⟨W ,W 1⟩ is a (u, v)-path of every length l = l′+ l1 withm+ l′ ≤ l ≤ ν(β−α)−1+ l′ inH−F . Combining
this with l′ ≤ ⌈ ν′2 ⌉ ≤ β−α, it can be deduced that there is a (u, v)-path of every length lwithm+⌈ ν
′
2 ⌉ ≤ l ≤ ν(β−α)−1
in H − F .
Let x ≠ u be a vertex in Gα and let xα+1 be the neighbor of x in Gα+1. By Lemma 4.1, there exists a (u, x)-path
P2 of length l2 with m ≤ l2 ≤ (α − 1)ν − 1 in H[αi=2 V (Gi)]. By Lemma 4.3, there exists an (xα+1, v)-path P3 of
length l3 with m + (β − α) + 1 ≤ l3 ≤ (ν ′ − α)ν − 1 in H[ν′i=α+1 V (Gi)]. Then ⟨P2, P3⟩ is a (u, v)-path of length
2m+ (β−α)+2 ≤ l ≤ ν(ν ′−1)−1. Since β−α ≥ 2 and ν ≥ 2m+k+2, it follows that 2m+ (β−α)+2 ≤ ν(β−α)−1
and hence there is a (u, v)-path of every length lwithm+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1)− 1 in H − F .
Similarly to Case 2.1.2, we can deduce that there is a (u, v)-path of every length l with ν(ν ′ − 1) ≤ l ≤ νν ′ − k − 3 in
H − F . The proof of Lemma 4.6 is complete. 
Lemma 4.7. Let G be a k(≥1)-vertex-fault m(≥2k + 1)-panconnected graph of order ν ≥ 2m + k + 2 and minimum degree
δ ≥ k + 3, and let C = ⟨1, 2, . . . , ν ′, 1⟩ (ν ′ ≥ 3 and ν ′ is odd) be a cycle. If the vertex faulty set F in the Cartesian product
graph H = G × C satisfies |F | ≤ k + 2 and |F1| = |F ∩ V (G1)| = k + 1, then for any pair of distinct healthy vertices
u ∈ V (Gα), v ∈ V (Gβ) (α < β), there is a (u, v)-path of every length l with m+ ⌈ ν′2 ⌉ ≤ l ≤ νν ′ − |F | − 1.
Proof. We divide the proof into two cases as follows.
Case 1. α = 1.
Note that there are two chains of subcopies from G1 to Gβ : G1,G2, . . . ,Gβ−1,Gβ and G1,Gν′ ,Gν′−1, . . . ,Gβ . Without loss
of generality, we may assume that G1,G2, . . . ,Gβ−1,Gβ is the shorter one and hence β ≤ ⌈ ν′2 ⌉.
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Case 1.1.m+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1)− 1.
Assume u2 ≠ v and u2 ∉ F . By Lemma 4.3, there exists a (u2, v)-path P1 of length l1 with m + (β − 1) ≤ l1 ≤
ν(ν ′−1)−|F−F1|−1 inH−V (G1)−F . Then ⟨u, P1⟩ is a (u, v)-path of every length l = l2+1withm+β ≤ l ≤ ν(ν ′−1)−1
in H − F . Combining this with β ≤ ⌈ ν′2 ⌉, a (u, v)-path in H − F with special length l is constructed.
Assume that u2 = v or u2 ∈ F . Since δ(Gi) ≥ k + 3 and |F | ≤ k + 2, it follows that there is an edge (u, w) in G1 − F
such that w2 ≠ v. By Lemma 4.3, there is a (w2, v)-path P2 of every length l2 with m + β − 1 ≤ l2 ≤ ν(ν ′ − 1) − 2 in
H − V (G1)− F . Then ⟨u, w, P2⟩ is a (u, v)-path of every length l = l2 + 2 withm+ β + 1 ≤ l ≤ ν(ν ′ − 1) in H − F .
Since δ(G1) ≥ k+ 3, there exist at least (k+ 3) neighbors w1, w2, . . . , wk+3 of u in G1. Let ui+1 = N(ui) ∩ V (Gi+1) and
letwi+1j = N(wij) ∩ V (Gi+1) for 1 ≤ j ≤ k+ 3, 1 ≤ i ≤ β − 1. LetW 0 = ⟨u, u2, . . . , uβ⟩ and letW j = ⟨u, w1j , w2j , . . . , wβj ⟩
for 1 ≤ j ≤ k+ 3. Clearly, β ≤ |V (W j)| ≤ β + 1 and V (W j) ∩ V (W j′) = {u} for any 0 ≤ j, j′ ≤ k+ 3 and j ≠ j′. Combining
this with |F ∪{v}| ≤ k+ 3, there exists a pathW j such that V (W j)∩ (F ∩{v}) = ∅, sayW = W j andw′ ≠ u is the terminus
of W . Since β ≤ |V (W j)| ≤ β + 1 for any 0 ≤ j ≤ k + 3, we have β ≤ |V (W )| ≤ β + 1. By assumption, there exists a
(w′, v)-path P3 of length l3 with m ≤ l3 ≤ m + 1 in Gβ . Then there is a (u, v)-path P4 = ⟨W , P3⟩ in H − F such that the
length l4 of P4 ism+ β .
Since β ≤ ⌈ ν′2 ⌉, we have m + β ≤ m + ⌈ ν
′
2 ⌉. Therefore, a (u, v)-path in H − F of special length l with m + ⌈ ν
′
2 ⌉ ≤ l ≤
ν(ν ′ − 1)− 1 is constructed.
Case 1.2. ν(ν ′ − 1) ≤ l ≤ νν ′ − |F | − 1.
Since β ≤ ⌈ ν′2 ⌉ and ν ′ ≥ 3, it follows that β < ν ′ and hence v ∉ V (Gν′). By Lemma 4.5(ii), there exists a Hamilton path
Q in G1− F such that u is the starting point of Q . Letw be the end of Q and let q be the length of Q . Clearly, q = ν−|F1|− 1.
Letw2 andwν
′
be the neighbors ofw in G2 and Gν′ , respectively. Since there exists at most one faulty vertex out G1, either
w2 orwν
′
is healthy.
First, suppose that wν
′
is healthy. Since v ∉ V (Gν′), wν′ ≠ v. By Lemma 4.3, there is a (wν′ , v)-path P5 of every length
l5 with m + (ν ′ − β + 1) ≤ l5 ≤ ν(ν ′ − 1) − |F − F1| − 1 in H − G1 − F . Clearly, ⟨Q , P5⟩ is a (u, v)-path of every length
l = q+ l5 + 1 with ν +m+ (ν ′ − β + 1)− k− 1 ≤ l ≤ νν ′ − |F | − 1 in H − F . Combining 2 ≤ β ≤ ⌈ ν′2 ⌉, ν ≥ 2m+ k+ 2
and k ≥ 1, we have that ν + m + (ν ′ − β + 1) − k − 1 ≤ ν(ν ′ − 1). Therefore, a (u, v)-path of special length l in H − F
exists.
Next, suppose that wν
′
is faulty, w2 is healthy and w2 ≠ v. By Lemma 4.3, there is a (w2, v)-path P6 of every length l6
withm+β − 1 ≤ l6 ≤ ν(ν ′− 1)− |F − F1| − 1 in H −G1− F . Clearly, ⟨Q , P6⟩ is a (u, v)-path of every length l = q+ l6+ 1
with ν + m+ β − k− 2 ≤ l ≤ νν ′ − |F | − 1. Since β ≤ ⌈ ν′2 ⌉ and ν ′ ≥ 3, it follows that β ≤ ν ′ − 1. Combining this with
ν ′ ≥ 3 and ν ≥ 2m + k + 2, we have that ν + m + β − k − 2 ≤ ν(ν ′ − 1). Therefore, a (u, v)-path of special length l in
H − F can be constructed.
Finally, suppose that wν
′
is faulty, w2 is healthy and w2 = v. Since ν ≥ 2m + k + 2,m ≥ 2k + 1 and k ≥ 1, it follows
that q ≥ 6. Since there exists at most one faulty vertex out G1, there is an edge xy in Q such that x ≠ w, y ≠ w and the
neighbors x2, y2 of x, y in G2 are healthy. Note that v ∉ V (Gν′) andwν′ is the only faulty vertex out of V (G1). We can deduce
there exists at most one faulty vertex in V (Gi) − {v}, i = 2, 3, . . . , ν ′. By Lemma 4.1, there is an (x2, y2)-path P7 of every
length l7 with m ≤ l7 ≤ ν(ν ′ − 1) − |F − F1| − 2 in H − G1 − F − {v}. Clearly, ⟨Q [u, x], P7,Q [y, w], v⟩ is a (u, v)-path of
every length l = q + l7 + 2 with ν + m − k ≤ l ≤ νν ′ − |F | − 1. Combining ν ′ ≥ 3 and ν ≥ 2m + k + 2, we have that
ν +m− k ≤ ν(ν ′ − 1). Therefore, a (u, v)-path of special length l in H − F also can be constructed.
Case 2. α ≥ 2.
Note that there are two chains of subcopies from Gα to Gβ : Gα,Gα+1, . . . ,Gβ and Gβ ,Gβ+1,Gβ+2, . . . ,
Gν′ ,G1, . . . ,Gα−1,Gα .
Case 2.1. Gα,Gα+1, . . . ,Gβ is the shorter one.
In this case, β − α ≤ ⌊ ν′2 ⌋. Since ν ′ is odd, β − α + 1 ≤ ⌈ ν
′
2 ⌉.
Case 2.1.1.m+ ⌈ ν′2 ⌉ ≤ l ≤ ν(ν ′ − 1)− |F − F1| − 1.
By Lemma 4.3, there is a (u, v)-path P1 of every length l1 with m + (β − α) + 1 ≤ m + ⌈ ν′2 ⌉ ≤ l1 ≤ ν(β − α + 1) −
|βi=α Fi| − 1 in H[βi=α V (Gi)] − F .
Since there is atmost one faulty vertex out G1 and δ(Gα) ≥ k+3, it follows that there is a pair of healthy verticesw,wα+1
such that w ∈ N(u) ∩ V (Gα), wα+1 ∈ N(w) ∩ V (Gα+1) and wα+1 ≠ v. By Lemma 4.1, there is a (u, w)-path P2 of every
length l2 withm ≤ l2 ≤ ν(α − 1)− |αi=2 Fi| − 1 in H[αi=2 V (Gi)] − F . By Lemma 4.3, there exists a (wα+1, v)-path P3 of
every length l3 withm+ (β −α) ≤ l3 ≤ ν(ν ′−α)− |ν′i=α+1 Fi| − 1 in H[ν′i=α+1 V (Gi)] − F . Thus ⟨P2, P3⟩ is a (u, v)-path
of length l = l2+ l3+1with 2m+β−α+1 ≤ l ≤ ν(ν ′−1)−|F−F1|−1 inH−F . Note that 2m+β−α+1 ≤ ν(β−α+1)
and β − α + 1 ≤ ⌈ ν′2 ⌉. Therefore, a (u, v)-path of special length l in H − F exists.
Case 2.1.2. ν(ν ′ − 1)− |F − F1| ≤ l ≤ νν ′ − |F | − 1.
Clearly, there is a vertex x ∈ V (G1)− F1 such that both the neighbor x2 of x in V (G2) and the neighbor xν′ of x in V (Gν′)
are healthy and x2 ≠ u, xν′ ≠ v. By Lemma 4.5(ii), there is a Hamilton path P in G− F such that x is the origin of Q . Clearly,
the length q of Q is ν − |F1| − 1. Say y is the terminus of P . Let y2 and yν′ be the neighbors of y in G2 and Gν′ , respectively.
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Assume that yν
′ = v. By Lemma 4.3, there is a (u, x2)-path P4 of length l4 withm+ (α−1) ≤ l4 ≤ ν(ν ′−1)−|F ∪{v}−
F1|−1 inH[ν′i=2 V (Gi)]−v. Then ⟨P4,Q , v⟩ is a (u, v)-path of length l = l4+q+2withm+α+ν−(k+1) ≤ l ≤ νν ′−|F |−1.
Since α < β ≤ ν ′, we have α ≤ ν ′ − 1. Combining this with ν ′ ≥ 3, ν ≥ 2m + k + 2 and |F − F1| ≤ 1, we deduce that
m+ α + ν − (k+ 1) ≤ ν(ν ′ − 1)− 1 ≤ ν(ν ′ − 1)− |F − F1|.
Assume that yν
′ ≠ v and yν′ ∉ F . By Lemma 4.3, there is a (u, x2)-path P5 of length l5 with m + (α − 1) ≤ l5 ≤
ν(β − 2) − |F ∩ (β−1i=2 V (Gi))| − 1 in H[β−1i=2 V (Gi)] − |F ∩ (β−1i=2 V (Gi))| and there is a (yν′ , v)-path P6 of length l6
with m + (ν ′ − β) + 1 ≤ l6 ≤ ν(ν ′ − β + 1) − |F ∩ (ν′i=β V (Gi))| − 1 in H[ν′i=β V (Gi)] − |F ∩ (ν′i=β V (Gi))|. Then
⟨P5,Q , P6⟩ is a (u, v)-path of length l = l5 + q + l6 + 2 with 2m + ν + ν ′ − (β − α) − (k + 1) − 1 ≤ l ≤ νν ′ − |F | − 1
in H − F . (The (u, v)-path ⟨P5,Q , P6⟩ is illustrated in Fig. 7.) Since β > α, ν ′ ≥ 3 and ν ≥ 2m + k + 2, it follows that
2m+ ν + ν ′ − (β − α)− (k+ 1)− 1 ≤ ν(ν ′ − 1)− 1 ≤ ν(ν ′ − 1)− |F − F1|.
Assume that yν
′ ∈ F . Since there exists atmost one faulty vertex out G1, the vertex y2 ∉ F . By the choice of x, the neighbor
xν
′
of x in V (Gν′) is healthy and xν
′ ≠ v. If y2 = u, then similarly to the discussion of yν′ = v, a (u, v)-path of a specified
length can be constructed. Assume y2 ≠ u. Similarly to the discussion of yν′ ≠ v and yν′ ∉ F , a (u, v)-path of a specified
length can be constructed.
Case 2.2. Gβ ,Gβ+1,Gβ+2, . . . ,Gν′ ,G1, . . . ,Gα−1,Gα is the shorter one.
Similarly to Case 2.2 of Lemma 4.6, we can deduce that there is a (u, v)-path of every length l with m + ⌈ ν′2 ⌉ ≤ l ≤
νν ′ − |F | − 1 in H − F . The proof of Lemma 4.7 is complete. 
Theorem 4.8. Let k1, k2, . . . , kn be n positive integers and let G be the n-dimensional torus T2k1+1,2k2+1,...,2kn+1 with at most
2n− 3 faulty vertices. Then G isni=1(ki + 1)− 1-panconnected.
Proof. We prove this theorem by induction on n. By Theorems 2.2 and 3.8, this theorem holds for n = 2. Suppose the
theorem is true for n − 1 ≥ 2. Now, consider the case n ≥ 3. Let F ⊂ V (T2k1+1,2k2+1,...,2kn+1) be a faulty vertex
set of T2k1+1,2k2+1,...,2kn+1 and let u and v be two distinct healthy vertices in T2k1+1,2k2+1,...,2kn+1. Then we can divide
T2k1+1,2k2+1,...,2kn+1 into T [0], T [1], . . . , T [2ki0 ] along some dimension i0 such that u and v are in different subtori. Clearly,
T2k1+1,2k2+1,...,2kn+1 = T2k1+1,2k2+1,...,2ki0−1+1,2ki0+1+1,...,2kn+1×C2ki0+1 and every T [i] ∼= T2k1+1,2k2+1,...,2ki0−1+1,2ki0+1+1,...,2kn+1
for 0 ≤ i ≤ 2ki0 . Let k = 2n − 5,m =
n
i=1,i≠i0(ki + 1) − 1. By induction, T2k1+1,2k2+1,...,2ki0−1+1,2ki0+1+1,...,2kn+1 is k-fault
m-panconnected. Denote Fi = F ∩V (T [i]). Furthermore, without loss of generality, wemay assume that |F0| ≥ |Fi| for every
0 ≤ i ≤ 2ki0 and u ∈ T [α] − Fα, v ∈ T [β] − Fβ with α < β . It is sufficient to construct a (u, v)-path of every length l fromn
i=1,i≠i0(ki + 1)− 1 to
n
i=1(2ki + 1)− |F | − 1 in G.
Clearly, T2k1+1,2k2+1,...,2ki0−1+1,2ki0+1+1,...,2kn+1 is 2(n− 1)-regular and its order ν =
n
i=1,i≠i0(2ki + 1). It follows that the
minimum degree δ(T2k1+1,2k2+1,...,2ki0−1+1,2ki0+1+1,...,2kn+1) ≥ k+ 3 and ν ≥ 2m+ k+ 2. If |F0| = 2n− 3, then by induction
and Lemma 4.6, Theorem 4.8 holds. If |F0| = 2n− 4, then by induction and Lemma 4.7, Theorem 4.8 holds. If |F0| ≤ 2n− 5,
then by induction and Theorem 4.4, Theorem 4.8 holds. 
Theorem 4.9 ([19]). Let G be an n-dimensional non-bipartite torus Tk1,k2,...,kn with ki ≥ 3. Then G is (2n−3)-fault Hamiltonian-
connected.
The following is our main result.
Theorem 4.10. Let k1, k2, . . . , kn be n (≥2) positive integers and let G be the n-dimensional torus T2k1+1,2k2+1,...,2kn+1. Then G
is (2n− 3)-faultni=1(ki + 1)− 1-panconnected.
Proof. Let F ⊂ V (G) ∪ E(G) be a faulty set of Gwith |F | ≤ 2n− 3. Denote Fv = F ∩ V (G) and Fe = F ∩ E(G). We prove this
result by induction on |Fe|. By Theorem 4.8, the result is true for |Fe| = 0. Assume that the result is true for |Fe| ≤ s−1, s ≥ 1.
We now consider |Fe| = s. Let Fe = F ′e + {xy} and let F ′ = Fv ∪ F ′e ∪ {x}. Denote F ′v = F ′ ∩ V (G) and F ′e = F ′ ∩ E(G). Clearly,|Fv| ≤ |F ′v| = |Fv ∪ {x}| ≤ |Fv| + 1, |F ′e| = |Fe − {xy}| = |Fe| − 1 = s − 1, |F ′| ≤ |F | ≤ 2n − 3. Let u and v be two distinct
healthy vertices in V (G). We shall construct a (u, v)-path of every length l from
n
i=1(ki+1)−1 to
n
i=1(2ki+1)−|Fv|−1
in G− F . Consider the following two cases.
Case 1. u, v ∈ V (G)− Fv and {u, v} ≠ {x, y}.
By induction, G− F ′ isni=1(ki + 1)− 1-panconnected, that is for any pair of healthy vertices u, v ∈ V (G)− F ′v , there is
a (u, v)-path of every length l from
n
i=1(ki + 1)− 1 to
n
i=1(2ki + 1)− |F ′v| − 1 in G− F ′. By Theorem 4.9, for any pair of
healthy vertices u, v ∈ V (G)−Fv , there is a (u, v)-path of length l =ni=1(2ki+1)−|Fv|−1 in G−F . Therefore, for any pair
of healthy vertices u, v ∈ V (G)−F ′v , there is a (u, v)-path of every length l from
n
i=1(ki+1)−1 to
n
i=1(2ki+1)−|Fv|−1
in G − F . In particular, if y is healthy, then for any healthy vertex u ∈ V (G) − F ′v and u ≠ y, there is a (u, y)-path of every
length l from
n
i=1(ki + 1)− 1 to
n
i=1(2ki + 1)− |Fv| − 1 in G− F .
By the symmetry of x, y, similarly to the above discussion, we can show that if x is healthy, then for any healthy vertex
u ∈ V (G)− (Fv ∪ {y}) and u ≠ x, there is a (u, x)-path of every length l fromni=1(ki + 1)− 1 toni=1(2ki + 1)− |Fv| − 1
in G− F .
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Fig. 7. The (u, v)-path ⟨P5,Q , P6⟩ in H − F .
Case 2. u, v ∈ V (G)− Fv and {u, v} = {x, y}.
By induction, there is an (x, y)-path Q of every length l from
n
i=1(ki + 1) − 1 to
n
i=1(2ki + 1) − |Fv| − 1 in
T2k1+1,2k2+1,...,2kn+1 − (F − {xy}). Note that xy ∉ E(Q ). It follows that there is an (x, y)-path of every length l fromn
i=1(ki + 1)− 1 to
n
i=1(2ki + 1)− |Fv| − 1 in G− F .
The proof is complete. 
Corollary 4.11. Let k be a positive integer. Then the (2k+ 1)-ary n-cube Q 2k+1n is (2n− 3)-fault n(k+ 1)− 1-panconnected.
5. Conclusions
In this paper, we have investigated the panconnectivity and the fault panconnectivity of an n-dimensional torus
T2k1+1,2k2+1,...,2kn+1 and proved that T2k1+1,2k2+1,...,2kn+1 with 2n− 3 faulty elements is
n
i=1(ki+ 1)− 1-panconnected. The
above result shows that, when the n-dimensional torus is used to model the topological structure of a large-scale parallel
processing system, the system has the capability of implementing linear array-structured and ring-structured parallel
algorithms in a communication-efficient fashion in the presence of element (vertex and/or edge) faults. Our further work is
to determine the panconnectivity and the fault panconnectivity of an n-dimensional torus T2k1,2k2,...,2kn .
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